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Abstract—In this paper, we present an approach to linguisti-
cally describe two time series based on their domain values and
trends. The Iterative End-Point Fit algorithm has been selected
for obtaining a suitable segmentation of the series to be used in the
description process. The comparison between series is performed
by calculating the difference between values of two time series,
which are defined on the same time domain. The resulting time
series is described by several kind of summaries according to
the way the difference is calculated and the permissible error.
We have illustrated this proposal with several time series that
represent the CO2 Emission in different countries.

I. INTRODUCTION

Business Intelligence is concerned with obtaining novel
and useful information from raw data generated by orga-
nizations. The obtained information is provided to decision
makers within the organization, so it must be understandable
and reliable to human users. Understandability and reliability
of the information are highly improved when information is
expressed using natural language.

Historically, fuzzy set theory and fuzzy logic have played
an essential role in the attempts to transform data into words
to obtain linguistic descriptions understandable by humans [1].
Many researchers have used them in order to develop different
approaches to linguistic summarization [2], [3], [4], [5], [6].

Time series (TS) are used to describe information about
almost any subject in the world, domestic, commercial or
scientific. Researchers within the Information System field
have performed big efforts on searching solutions to manage
such information in order to make it closer to humans. In
previous contributions, we have presented some proposals to
describe time series linguistically that briefly present the es-
sential information regarding the evolution of a given variable
over time [7] [8], [9].

However, linguistic descriptions of time series requires
the use algorithms for obtaining a segmentation of the series
suited to the features to be described. This is the case when
describing trends in the series, in which the segmentation
should be directed by those points where trends change.
Several authors have dedicated their efforts to the segmentation
problem oriented to the description of different properties
of the series. In [10] and [11] an overview of some of the
most relevant segmentation techniques can be found. In [12]
a segmentation method on a periodic time series data based

on mathematical morphology is presented. A different way
of segmenting temporal series based on a piecewise linear
function is presented in [13]. In [14] we have presented a
method based on a progressive smoothing of the time series,
that yields a hierarchical segmentation of the time domain
according to trends in the series, which is later explored using
a greedy algorithm for obtaining the final description. Also,
we have proposed a method to obtain segmentation of time
series on the basis of the Iterative End-Point Fit Algorithm or
Douglas-Peucker Algorithm [15] [16], in [17].

Linguistic descriptions can be used in the comparison of
time series as well. In [18] M. Umano et al. carry out a
study about the description of time series data using their
global trend and local features. J. Kacprzyk and A. Wilbik
[19] evaluates the similarity of time series through the use
of fuzzy quantifiers. Kobayashi in [20] makes the comparison
among different time series obtaining their correlation degree.

In this paper, we propose a method for the linguistic
comparison of two time series that consists in computing a
linguistic summary of a time series representing the difference
between the series being compared [8]. To do that, we use
as basis our previously developed segmentation technique, the
Iterative End-Point Fit Algorithm. Linguistic description is
performed using protoforms that describes not only the values
but also the trends included in the comparison result.

The paper is organized as follows: section 2 describes how
to represent time series, section 3 is devoted to present a
method to compare two time series. Section 4 shows how to
build linguistic descriptions using the Iterative End-Point Fit
Algorithm. Section 5 shows an illustrative example about Co2
emission in different countries. Conclusions are in section 6.

II. TIME SERIES AND LINGUISTIC DESCRIPTION

In this section we describe the linguistic framework for
the description of time series that represents the difference
between two series across time in terms of trends and values
based on linguistic variables and protoforms.

A. Time series

Let TS = {< t1, v1 >, ..., < tm, vm >} be a time series,
where every vi is a value of the basic domain of the variable
V and the time dimension is described in its finest grained
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Fig. 1. Spanish CO2 metric tons emission per capita Time Series

level of granularity by members T = {t1, ..., tm}. We can see
an example in Figure 1 , where the y-coordinate displays the
domain of the variable V and the x-coordinate shows the time
dimension.

B. Linguistic Description of Time Series

In our approach [9], [7], a linguistic description is a col-
lection of sentences in natural language, each one describing
some relevant feature of a given time period. Both, features and
time periods are assumed to be fuzzy in general, particularly
because linguistic variables are used to model reference sets by
means of terms of natural language in the application domain.

For instance, a time period in a year described linguistically
as cold weather corresponds to a fuzzy subset of days. In
the same way, the feature described by Very High values
corresponds to a fuzzy subset of the domain of V , etc. (see
Figure 2 Co2 metric ton emission per capita description as an
example).

The linguistic context of a TS is defined as:

• The basic domain of variable V is partitioned by a set
of linguistic labels E={E1, ..., Es}.

• The time dimension is organized by one partition
T=T1, ..., Tp of the basic time domain. This partition
can be defined explicitly by the user or automatically.
In this paper, it has been calculated automatically and
the process is described in section IV-A.

There is no restriction concerning the form of the member-
ship function of a label apart from that it must be normalized.
In our approach, we will use trapezoidal functions. When
necessary, labels in time dimension can be the union of a set of
trapezoidal functions. In this work, a set of labels {X1, ..., Xr}
is a partition on X iff:

1) Xi is normalized ∀i ∈ {1..r}.
2) ∀x ∈ X, ∃Xi, i ∈ {1..r}|μXi

(x) > 0.
3) ∀i, j ∈ {1..r}, i �= j, core(Xi) ∩ core(Xj) = ∅.

In order to have sentences whose accomplishment with the
data can be calculated, we have employed different kinds of
protoforms following the Computational Theory of Perceptions
[21]. In our previous works, we have mainly focused on
the value of the series, using protoforms based on quantified

sentences of the form “Q of D are A” where Q is a linguistic
quantifier, D is a time period and A is a description of the value
of the series in D. An example is Most of days with Cold
weather, the series has High values. The whole description
is a collection of quantified sentences like this, where each
sentence describes a segment of the series.

However, the process of determining a suitable description
is very complex. There are many different time periods, many
possible protoforms, and consequently the space of possible
linguistic descriptions (sets of protoforms) is huge. In order to
determine a suitable description, we have proposed a quality
framework [22] and several algorithms [9], [7], [23].

1) Description of a Variable: When we pretend to make a
TS understandable to humans it is a common practise in Fuzzy
Logic to describe variable values using linguistic labels. To do
that, we need to split the variable domain in a set of linguistic
labels represented by membership functions.

The partition process can be made automatically or manu-
ally, according to the domain of the variable. In this proposal,
we work with a variable in the CO2 country emission per
capita domain, so the partition process and their definition
using trapezoidal functions have been made equitable, as
shown in Figure 2.
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Fig. 2. Linguistic variable for CO2 metric tons emission per capita
description.

2) Description of Trends: In this proposal, for describing
trends we use the protoform “In period D the trend is A(B)”
where D is a time period, A is a description of the trend and B
is a number that expresses the variation observed in the series.
A takes values from the linguistic variable shown in Figure 3,
defined on the slope domain.

The set of time periods of the sentences in the description
must be a segmentation of the series [22], having a single
sentence per time period. Ideally, this segmentation should be
defined by time points where the trend changes and using the
lesser possible amount of segments. On this basis, a suitable
segmentation of the series can be obtained by means of the
Iterative End-Point Fit algorithm [17], as we will see in the
section IV-A.
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Fig. 3. Linguistic variable for trends descriptions.

III. COMPARISON OF TIME SERIES

The main proposal of this paper is to obtain a linguistic
summary that describes the difference between two series
across time. The series are required to be defined over the same
variable scale and the same time domain. Then, we consider a
couple of time series defined on this time dimension, namely,
TS1 and TS2. TSi(tj) represents the value of the variable V
under study in tj as given by TSi.

The proposed method is based on two main steps: The first
one is the obtainment of a new time series as the difference
ΔTS between the two series being compared (described in
detail in [8]). The second one is the obtention of the linguistic
summary of this new time series with information regarding
the comparison using the method described in the following
section.

A. Obtaining of ΔTS

In the first step, the ΔTS time series can be obtained in
different ways. Let us consider the following definition.

Definition 1: Let TS1 and TS2 be two time series defined
over the same variable V at a given period of time. Then,

ΔTSabs(ti) = TS1(ti)− TS2(ti) (1)

ΔTSglobal(ti) =

{
0, if TS1(ti)− TS2(ti) = 0
TS1(ti)− TS2(ti)

M −m
, otherwise

(2)

ΔTSlocal(ti) =

{
0, if TS1(ti)− TS2(ti) = 0

TS1(ti)− TS2(ti)

max(TS1(ti), TS2(ti))−m
, otherwise

(3)

where ti is a specific point in the time domain, M is
the global maximum of TS1 and TS2, and m is the global
minimum of TS1 and TS2.

The use of one of these measures depends if the user is
interested in the analysis of the difference between the series
in absolute or relative terms. In brief, ΔTSabs is defined in
the range [-M,M] and it is the option when we are interested

in the analysis of the series in absolute terms. Meanwhile,
ΔTSglobal and ΔTSlocal are defined in the range [-1,1]. In
TSglobal the same difference between the original series gets
the same value in the resulting TS, but if we use ΔTSlocal,
the lower the original values the greater significance of the
difference is got.

Figure 4 shows the different possibilities for ΔTS in within
the context of CO2 emission. Using one of these series, we
are ready to generate the linguistic description of its domain.

IV. LINGUISTIC DESCRIPTION GENERATION

We are going to describe the series in terms of a sequence
of ideal trends, that is, a collection of ordered time instants in
which the value of the series is increasing, resp. decreasing,
with a given slope (we can say that the series is constant when
the slope is zero). To do that, we need to segment the series
locating the time instant where the trend changes. Once we
have segmented the series, we can describe each segment by
means of a suitable instantiation of the mentioned protoforms.

A. Segmentation of Time Series

Segmentation of time series to generate an appropriate
partition of the time dimension, according to ideal trends
can produce a description longer than desired due to small
variations of slope in consecutive points of the series, as
presented in [17]. However, it is possible that a less strict
segmentation with fewer may result appropriate for the end
user. That is, in order to find a trade-off between the number
of segments and the precision of the produced description, we
need a method that permits us to remove non relevant points
in the series in terms of slope.

Many techniques for segmenting time series are based on
the Iterative End-Point Fit (IEPF) algorithm [15] [16]. This
algorithm is a well known curve approximation method that
receives as input data a curve composed of line segments and
produces as output a similar curve with a reduced number of
points (a subset of the points that defined the initial curve).
This algorithm, that is shown in Algorithm 1 and further
described in [17], uses a distance threshold to determine when
a single line is a good approximation for a segment of a curve.

Figure 5 depicts the initial steps of the algorithm when
applied on an example series. In this case, the algorithm
first locates point pi, and makes recursion on TS[p1; pi]
and TS[pi; pm]. Recursion on TS[p1; pi] will split in pj and
recursion on TS[pi; pm] will split in pk, and so on.

The Iterative End-Point Fit (IEPF) algorithm uses a dis-
tance threshold to generate the segmentation. In the Figures 6
and 7, we can see the difference among different segmentations
according to the value of this threshold. Here, the resulting
segmentation produced by a threshold ≈ 0.42 (2 segments)
and a threshold ≈ 0.24 (8 segments) of the time series of
Spain Co2 emission is illustrated.

In our proposal, all the possible segmentations of a original
time series are generated by decreasing the threshold degree in
each iteration (see [17] for further details). The mean square
error (MSE) calculation between each segmentation and the
original time series is used to determine which segmentation
better suits to the final user requirements. Consequently, a MSE
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Fig. 4. ΔTS Time Series Comparison (Spanish vs. France CO2 Emission metric tons per capita).

Algorithm 1 Algorithm IEPF
Input

TSin[1..m], A time series of m points.
τ , A distance threshold.

Output

CPτ (TS) , a subset of points of TSin.

Algorithm

1: CPτ (TS)={TSin[1], TSin[m]}
2: pos list= SelectMaxDistancePoints(TSin, τ )
3: if SIZE(pos list)>0 then
4: CPτ (TS)=CPτ (TS) ∪ IEPF(TSin[1..pos list[1]],τ )
5: for i=2;SIZE(pos list) do
6: CPτ (TS)=CPτ (TS) ∪ IEPF(TSin[pos list[i-1]..pos list[i]],τ ))
7: end for
8: CPτ (TS)=CPτ (TS) ∪ IEPF(TSin[pos list[SIZE(pos list)]..m],τ )
9: end if

10: return CPτ (TS)

of 100% is got when the difference between the original TS
and the most simple segmentation that consists only in two
points, the first and the last ones, is calculated. A MSE of 0%
is got when the segmentation matches with the original TS.
Final user must establish the minimum percentage of MSE that
accomplish its requirements. An example of this procedure is
shown the next section.

Fig. 5. Initial steps of the Iterative End-Point Fit Algorithm.

B. The Summary Generation

Once the time series is fractioned into segments, an output
must be generated according to the following protoform:

“The variation of the difference between the Time Series
X1 and X2 is: From t1 with C1 variable name to t2 with C2
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Fig. 6. IEPF Alg. with a segmentation with threshold of 0.42.
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Fig. 7. IEPF Alg. with a segmentation with threshold of 0.24.

variable name, the trend is A(B)”

where X1 and X2 represent the Time Series under com-
parison, [t1,t2] is the time period, A is a description of the
trend and B is a number that expresses the variation observed
in the series. A takes values from the linguistic variable shown
in Figure 3, defined on the slope domain. Finally, C is a
description of a domain variable that is defined by a set of
predefined linguistic labels and membership functions, as the
one shown in Figure 2 about CO2 emission.

Due to the established protoform, which describes the
variation of the difference, difference measures shown in
equations 1,2 or 3 must be calculated in absolute terms.

In the next section, we show how this protoform is
generated according to the segmentation produced to a TS
comparison in absolute values.

V. EXAMPLE

We have included two different group of series in order
to analyse the system behaviour when the difference between

each pair is close or big.

Example 1: CO2 Emission per Capita of France and Spain
countries.

Firstly, we use two time series that represent the evolution
of CO2 emission per capita in France and Spain countries
from 1960 to 2010. As we can see in Figure 8, the values
and trends of these time series are different. We can notice
this fact in the middle and below TS in same Figure, where
three kinds of difference measures (described in section III)
are calculated, that is, absolute, global and local ones. In this
case, the computation have been made in absolute terms (note
the difference between Figures 4 and 8) because the protoform
represents only the difference between both Time Series. As
we can observe in the results, absolute and global difference
time series are the most suitable to describe the behaviour
of the difference between France and Spain Co2 Emission,
because we are not interested in stressing lower values as
the local difference equation does. Specifically, we choose to
represent absolute difference because we can use the linguistic
description of Co2 Emission described in Figure 2.

After that, segmentation process of the resulting TS pro-
duces a new time series that allows to generate a linguistic
description. User tolerance error has been established to 50%
and resulting segmentation generates a four segment TS that
is illustrated in Figure 9, which has been generated with a
threshold of 0.33 in the IEPF Algorithm.

The resulting set of sentences that compares the two
original time series is:

The variation of the difference between the Time Series
France and Spain is:
From 1960 with Low Co2 emission to 1963 with Low Co2
emission, the trend is highly increasing(1).
From 1963 with Low Co2 emission to 1973 with Low Co2
emission, the trend is almost constant(0.88149).
From 1973 with Low Co2 emission to 1989 with Very Low
Co2 emission, the trend is highly decreasing (1).
From 1989 with Very Low Co2 emission to 2010 with Very
Low Co2 emission, the trend is almost constant (0.69585).

Example 2: CO2 Emission per Capita of Italy and Spain
countries.

A comparison between two similar time series is also
included in this section. These time series represent the CO2
emission per capita from Italy and Spain. In Figure 10 we can
see the resulting TS after applying the difference measures
described in Section III.

In this situation, absolute and global measures are more
suitable due to the time series difference is very low. The
segmentation process is performed with a user tolerance degree
of 50% and it returns four segments, as shown in Figure 11.
The resulting linguistic description consists of these sentences:

The variation of the difference between the Time Series Italy
and Spain is:
From 1960 with Very Low Co2 emission to 1969 with Very
Low Co2 emission, the trend is highly increasing(1).
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Fig. 8. ΔTS Time Series Comparison (Spanish vs. France CO2 Emission metric tons per capita) in absolute terms.
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Fig. 9. Segmented ΔTS between France-Spain CO2 emission metric tons per capita for a MSE of 50%.

From 1969 with Very Low Co2 emission to 2007 with Very
Low Co2 emission, the trend is highly decreasing(0.85365).
From 2007 with Very Low Co2 emission to 2010 with Very
Low Co2 emission, the trend is highly increasing(1).

It is important to notice that for the shake of brevity
and clarity, the system automatically makes a post-processing
of the output to group sentences if they represent the same
information, even if there are different number of segments
than resulting output sentences. In this example, first and

second sentence has been combined in the same one.

VI. CONCLUSION

In this paper, we have presented a novel mechanism for
comparing two different time series in order to get a linguistic
description that describes their difference. To do that, we
have used different measures. On the other side, linguistic
generation requires to get a good TS segmentation suited to
user necessities. We have used the IEPF algorithm that allows
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Fig. 10. ΔTSabs,ΔTSglobal,ΔTSlocal difference between Co2 emissions metric per tons of Italy and Spain countries in absolute terms.
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Fig. 11. Segmented ΔTS between Italy-Spain CO2 emission metric tons per capita for a MSE of 50%.

to get a set of segmented series with an increasingly number
of points that stress the main changes of the TS. Resulting
segmented time series is chosen by a tolerance threshold
established by the final user.
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