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Abstract— One of the most well-known and extended data min-
ing techniques is that of association rule mining, a helpful tool to
discover relations between items present in sets of transactions. Nev-
ertheless, in some other scenarios, another interesting issue is that
of considering not only the possible relations involving presence of
items, but the absence of them. The problem gets more complex when
it is necessary to represent also imprecision and/or uncertainty in
the information. In this paper, we introduce a methodology to obtain
fuzzy association rules involving absent items. Additionally, our pro-
posal is based on restriction level sets, a recent representation of im-
precision that extends that of fuzzy sets, and introduces some new op-
erators, covering some misleading results obtained from usual fuzzy
operators as, for example, negation. In our methodology, we define
new measures of interest and accuracy for fuzzy association rules as
RL-numbers, as well as we propose a new way of summarizing the
resulting set of fuzzy association rules, distributed in restriction lev-
els.

Keywords— Absence of items, fuzzy association rules, restriction
levels

1 Introduction

As the amount of information stored in databases grows con-
tinuously day after day, it is desirable the development of
tools, not only to properly manage all this knowledge, but
to get a profit from it. Over the past two decades, consid-
erable efforts have been devoted to the study and develop-
ment of techniques in data mining and knowledge discovery
in databases. One of the most well-known and extended data
mining techniques is that of association rule mining, a helpful
tool to discover implicit, non-trivial and potentially useful re-
lations between items in sets of transactions. The most known
example if that of market baskets, but association rules can be
also applied on relational databases. Since the original asso-
ciation rule definition was proposed in [1], many studies and
related methodologies have been devoted to extend this tool in
order to manage different scenarios and knowledge represen-
tations.

One interesting issue, approached in works like [2], and
[3], is that of considering both present and absent items. In
these cases, it is not only interesting to detect relations be-
tween items included in transactions, but also if the absence
of given items in the transaction can be related to the presence
of some others. One possible application can be the discovery
of conflicts or complements between items, as well as the es-
tablishment of constraints in the sets of items involved in the
data mining procedure. Some other authors have shown in-
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terest in this problem, and additional information and efficient
algorithms can be found in [4],[5],[6], and [7].

On the other hand, another interesting issue is that of ap-
plying the theory of fuzzy sets [8] in the modeling of how
items are included in transactions, leading to the definition of
fuzzy association rules. In the literature, some interesting ap-
proaches are discussed in [9], [10], [11], [12], and [13], among
others.

But, as far as we know, none of the cited works manage
properly the absence of items in the fuzzy case. In particular,
consider an item ¢ that belongs to a fuzzy transaction with a
membership degree of 0.5. According to the usual fuzzy ex-
tension of the complement operator, the complementary item
-7 should belong to the same transaction with a membership
degree of 1 — 0.5 = 0.5, leading us to counterintuitive results.
Restriction level sets [14], a recently introduced representation
of fuzzy quantities that extends the representation by means of
fuzzy sets, manage to solve scenarios like these.

The representation via restriction level sets can be seen as
equivalent to that of fuzzy sets seen as collections of alpha
cuts, and hence it offers a alternative approach to the repre-
sentation and management of fuzzy quantities, differing from
fuzzy sets in the sense that operations are defined on levels.
However, some operations as negation result in a representa-
tion that may not correspond to the alpha cuts of a fuzzy set.

Actually, although a parallel definition of a logic model for
association rules based also on restriction level sets can be
found in [15], our proposal, in this paper, is a methodology
for mining fuzzy association rules via restriction level sets, in-
stead of fuzzy sets, extending the definition introduced in [16],
and, in addition, considering both present and absent items.

The paper is organized as follows. Sections 2 and 3 are de-
voted to introduce the reader in the followed representations
and previous methodologies. Next, we introduce our proposal
in section 4, where we define new measures for fuzzy associ-
ation rules, based on RL-numbers, and we describe some de-
rived properties from these. Next, some aspects with respect
to the implementation and our first experimentation results are
discussed in section 5. Finally, we present our concluding re-
marks as well as propose some interesting open issues in the
conclusions sections.

2 Data mining tools

2.1 Association rules

Given a set I (“set of items”) and a set of transactions 7" (also
called T-set), each transaction being a subset of I, association
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rules [1] are “implications” of the form A = C that relate the
presence of itemsets (sets of items) A and C' in transactions of
T, assuming A,C C I, ANC =(and A,C # (.

In the case of relational databases, it is usual to consider that
items are pairs (attribute, value), and transactions are tuples
in a table. For example, the item (X, x() is in the transaction
associated to a tuple ¢ iff t[X] = xo.

The ordinary measures proposed in [1] to assess associa-
tion rules are confidence (the conditional probability p(C|A))
and support (the joint probability p(A U C')). An alternative
framework was proposed in [17]. In this framework, accuracy
is measured by means of Shortliffe and Buchanan’s certainty
factors [18], in the following way: the certainty factor of the
rule A = C'is

(Conf(A=C))—S(C)

CF(A=C)= S0

ey

if Conf(A=C)> S(C), and

Conf(A=C))—S(C)
S(C)

if Conf(A = C) < S(C), and 0 otherwise.

Certainty factors take values in [—1, 1], indicating the extent
to which our belief that the consequent is true varies when the
antecedent is also true. It ranges from 1, meaning maximum
increment (i.e., when A is true then C' is true) to -1, meaning
maximum decrement.

CﬂAé@:( 2)

2.2 Fuzzy association rules

In [16], the model for association rules is extended in order to
manage fuzzy values in databases. The approach is based on
the definition of fuzzy transactions as fuzzy subsets of items.
Let I = {i1,...,4,n} be a set of items and 7" be a set of
fuzzy transactions, where each fuzzy transaction is a fuzzy
subset of I. Let 7 € T’ be a fuzzy transaction, we note 7 (i)
the membership degree of 7, in 7. A fuzzy association rule is
an implication of the form A = C such that A,C C [ and
ANnC=0.

It is immediate that the set of transactions where a given
item appears is a fuzzy set. We call it representation of the
item. For item ;, in 77 we have the following fuzzy subset of
T

Ly, =Y #lix)/7

FeT

3

This representation can be extended to itemsets as follows:
let Iy C I be an itemset, its representation is the following
subset of T":

Ty, = () Ti = minicg, T
i€l

“

In order to measure the interest and accuracy of a fuzzy as-
sociation rule, we must use approximate reasoning tools, be-
cause of the imprecision that affects fuzzy transactions and,
consequently, the representation of itemsets. In [16], a seman-
tic approach is proposed based on the evaluation of quantified
sentences (see [19]). Let () be a fuzzy coherent quantifier:

e The support of an itemset r I, is equal to the result of
evaluating the quantified sentence () of 7" are 'y, .
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e The support of the fuzzy association rule A = C'in the
FT-set ', Supp(A = (), is the evaluation of the quan-
tified sentence Q of T are 'y o = Q of T'are (' 4 NT'¢).

e The confidence of the fuzzy association rule A = C in
the FT-set 7", Conf(A = C), is the evaluation of the
quantified sentence @ of I" 4 are I'c.

As seen in [16], the proposed method is a generalization
of the ordinary association rule assessment framework in the
crisp case.

3 Restriction-level representation

3.1 Representation

The RL-representation of an imprecise property is a collection
of crisp sets, each crisp set corresponding to a crisp realiza-
tion of the property under a restriction rule. We distinguish
between atomic and derived properties. Atomic properties are
those that cannot be defined in terms of other properties in our
problem. Derived properties are defined by logical operations
on other properties.

In [14] we consider that atomic imprecise properties are
represented by fuzzy sets, and hence restrictions are of the
form degree > « with € (0, 1], and restriction levels are
associated to values o € (0,1]. In the same case, the crisp
realization of an atomic imprecise property represented by a
fuzzy set A in the restriction level « corresponds to the a-cut
Aq.

For every property we assume that there is a finite set
of restriction levels A = {ai,...,q,} verifying that
l=a1>as> - >am>an1 =0 m > 1. We call
such sets RL-sets. The consideration that a RL-set is finite is
not a practical limitation since humans are able to distinguish
a limited number of restriction or precision levels and, in prac-
tice, the limit in precision and storage of computers allows us
to work with a finite number of degrees (and consequently, of
levels) only. In practice, the RL-set for an atomic property
represented by a fuzzy set A on an universe X is

Aa = {A(x) | x € support(A)} U {1} 5)

The RL-set employed to represent a derived property is ob-
tained as the union of the RL-sets of the atomic properties
in terms of which the property is defined. Finally, the RL-
representation of an imprecise property on X is defined in [14]
as follows:

Definition 1 A RL-representation is a pair (A, p) where A is
a RL-set and p is a function

p: A — P(X) (6)

The function p indicates the crisp realization that represents
the imprecise property for each restriction level. As an exam-
ple, the RL-representation for an atomic imprecise property
defined by a fuzzy set A is the pair (Aa,pa), where Ay is
obtained using equation (5), and p4(a) = A, Vo € A 4.

Given an imprecise property P represented by (Ap, pp),
we define the set of crisp representatives of P, ()p, as

Qp ={pr(a) |a € Ap} @)
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For an atomic property A, the set of crisp representatives
Q 4 is the set of significant a-cuts of A, as we have seen. How-
ever, notice that in definition 1 there is no restriction about the
possible crisp representatives for non-atomic properties. In
particular, as a consequence of operations, they don’t need to
be nested, so the final RL-representation of a derived property
is not always equivalent to the a-cut representation of fuzzy
sets.

In order to define properties by operations, it is convenient
to extend the function p to any RL @ € (0, 1]. Let (A, p) be
a RL-representation with A = {ay,...,a,,} verifying 1 =
ap > Qg > o > Q> amyr = 0. Leta € (0,1] and
@, ;41 € A such that o; > o > ;1. Then

pla) = p(a) ®)
Finally, let us remark that a RL-representation (A, p) on X is
acrispset A C X iff Va € A, p(ar) = A.

3.2 Interpretation in terms of evidence

Given a RL-representation (A4, p4) for an atomic property

A, the values of A 4 can be interpreted as values of possibility

of a possibility measure defined Vp 4 (c;) € Q4 as

Pos(pa(a;)) = . )

Following this interpretation we define a basic probability
assignment in the usual way:

Definition 2 Ler (A, p) be a RL-representation with crisp
representatives ). The associated probability distribution

m:Q —[0,1]is

m(Y) =

>

o | Y=p(ai)

QG — Qg1 (10)

The basic probability assignment mp gives us information
about how representative of the property F' is each crisp set in
Qp. Foreach Y € Qp, the value mp(Y") represents the pro-
portion to which the available evidence supports the claim that
the property F' is represented by Y. From this point of view,
a RL-representation can be seen as a basic probability assign-
ment in the sense of the theory of evidence, plus a structure
indicating dependencies between the possible representations
of different properties.

3.3 RL-numbers

On the basis of RL-representations and operations, RL-
numbers were introduced in [20] as a representation of im-
precise quantities.

Definition 3 A RL-real number is a pair (A, R) where A is a
RL-setand R : (0,1] — R.

We shall note R, the set of RL-real numbers. The RL-real
number R, is the representation of a (precise) real number x
iff Vo € Ag,, Rp, (o) = x. We shall denote such RL-real
number as 7, or, equivalently, x, since in the crisp case, the
set A, is unimportant. Operations are extended as follows:
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Definition 4 Let f : R" — R and let R, ... R,, be RL-real
numbers. Then f(Ry, ..., Ry,) is a RL-real number with

Ajryrny = |J Mg, an
1<i<n
and, Voo € Ay(g, ... R,)
Rf(R17-~7Rn)(a) = f(RR1 (a)v s ’RRn(O‘)) (12)

This approach offers two main advantages:

e RL-numbers are representations of fuzzy quantities that
can be easily obtained by extending usual crisp measure-
ments to fuzzy sets.

e Arithmetic and logical operations on RL-numbers are
straightforward and unique extensions of the operations
on crisp numbers, verifying the following:

— They verify all the usual properties of crisp arith-
metic and logical operations.

— The imprecision does not necessarily increase
through operations, and can even diminish. The
maximum imprecision is related to the number of
restriction levels employed.

4 Fuzzy association rules via restriction levels

As we noted before, restriction level sets can be viewed as sets
of alpha cuts in fuzzy sets. Actually, if the restriction level set
represents an atomic property, the representation is equal to
that of fuzzy sets. Following this idea, we extend the definition
of fuzzy association rules introduced in [16], using restriction
level sets instead. Moreover, since each restriction level cor-
responds to a crisp set, and crisp operators hold for each level,
we can define a fuzzy association rule via restriction levels as
an aggregation of all the related (crisp) association rules ex-
tracted at each restriction level.

In our approach, we represent items via restriction levels as
follows. Let I = {i1,...,%m} be a set of items and 7" be
a set of fuzzy transactions, where each fuzzy transaction is a
restriction level set of . Let 7 € T’ be a fuzzy transaction, we
note 7 (iy,) the membership degree of iy, in 7. Let supp,, (ix ) be
the support of iy, (i.e., the probability that 7(i) > «, V7 € T")
at the restriction level a.

On the other hand, let —¢j, be the negation (absence) of item
ik, and let supp,(—ig) = 1 — supp,(ix) be the support of
-y, at the restriction level . Note how, in the case of negated
items, the subsequent restriction level set may not correspond
necessarily to a fuzzy set.

Let [ = {—iy,..., i} be the set of negated items from 7,
and A C {IUI},C € {IUI}, ANC = (), the antecedent and
the consequent of the fuzzy associationrule R : A = C. If we
see this fuzzy association rule R under its RL-representation
as the pair (AR, pr), we define the set of crisp representations
of R, Qg, as

Qr ={pr(a) | @ € Ag}

where pr)(a) = (R)a, that is, p represents the association
rules at each restriction level. In other words, this fuzzy as-
sociation rule can be viewed as the aggregation of all (crisp)

13)
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association rules of the form A =- C that can be obtained at
each restriction level a.

Let Suppa(A = C), Confo(A = C),and CF,(A = C)
be, respectively, the support, confidence and certainty factor
of the crisp association rule Supp,(A = C) at restriction
level a.

Following the definitions in section 2.2, we must define the
measures of interest and accuracy of a fuzzy association rule
in terms of evaluation of quantified sentences. Hence, we de-
fine the support, confidence and certainty factor of the fuzzy
association rule A = C' as RL-numbers, according to the RL-
evaluation process proposed in [21].

Definition 5 Let mp be the basic probability assignment for
association rule R : A = C at each restriction level. The
support of the fuzzy association rule A = C, RL-Supp(A =
(), is given by

RLSupp(A = C) =
mpr((A = C)a) - Suppa(A = C)

>

(A=C)n€QR

(14)

Definition 6 The confidence of the fuzzy association rule R :

A = C, RL-Conf(A = C), is given by
RLConf(A=C) =

mpr((A= C)a) - Confo(A=C)

2.

(A=C)a QR

5)

Definition 7 The certainty factor of the fuzzy association rule
R: A= C,RL-CF(A = C), is given by

RLCF(A= C) =
mar((A= C)a) - CFa(A = C)

>

(A=C)a€QR

(16)

These measures, RL-Supp(4 = ('), RL-Conf(A = C)
and RL-CF(A = ('), can be viewed as the summarization of,
respectively, the support, confidence, and certainty factor of
every crisp association rule A = C' obtained at each restric-
tion level. In fact, if the considered association rule has no
negated items involved, the following propositions (as gener-
alizations of the one proposed in [21]) hold.

Proposition 1 The RL-support of the fuzzy association rule
A = C, RL-Supp(A = C), is equal to the support of the rule
as computed in [16], using the method GD proposed in [22].

Proposition 2 The RL-confidence of the fuzzy association
rule A = C, RL-Conf(A = C), is equal to the confidence of
the rule as computed in [16], using the method GD proposed
in [22].

Let us remark that these same propositions for RL-Supp and
RL-Conf are not applicable for RL-CF since, again according
to [16], the certainty factor for a fuzzy association rule was
still computed in the same way as for a crisp one. Thus, we
are defining a new measure of accuracy for fuzzy association
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rules, via restriction levels. The derived properties for this new
measure will be the object of study in a separate paper.

Finally, let us notice that, due to the followed RL-
representation, and opposite to the fuzzy sets case, it is not
possible to find itemsets containing both items ¢ and -z, which
not only is desirable but also sounds logical.

S Experiments

5.1 Implementation aspects

In our implementation, we start from the same Apriori-based
algorithm proposed in [16], with the exception that we must
compute the measures of interest and accuracy in terms of ev-
idence in restriction levels, following definitions 5, 6, and 7.

Additionally, we must take into account that now we con-
sider also absent/negated items, which result in a larger num-
ber of itemsets to be computed. le., if the original Apriori
algorithm [1] takes into account up to 2" itemsets, in our
proposal we must consider all the combinations of items and
negated items (except those impossible cases containing both
¢ and —i), resulting in a total number of (n + 1) - 2" ~ n - 27
itemsets. In each iteration, we must count the occurrences of
items in the set of transactions at each restriction level, but
also the absences of them. This results in that when consid-
ering combinations of items and negated items, we must cor-
rectly compute, for each restriction level, the correct support
for each itemset. Le., supp({—ii,—iz2}) = 1 — (supp(iy) +
supp(ia) — supp({i1,i2})), supp({i1, 7ia}) = supp(iy) —
supp({i1,iz}), and so on. One important remark is that we
need to keep all the generated itemsets, in order to have access
to their support values when necessary. This fact increases the
amount of necessary memory, and delays the threshold prun-
ing (by minimum support, etc.) until the second stage of the
algorithm (association rule extraction).

According to this, the final efficiency of the algorithm is ap-
proximately that of classic Apriori algorithm, but multiplied
by (n + 1) (due to negated items consideration) and by k (be-
ing k the number of restriction levels considered). One of our
pending tasks will be the study and development of a more ef-
ficient algorithm. In this sense, one choice is that of parallelize
the overall process. Since each one of the restriction levels is
a crisp set, we can reduce the problem to that of concurrently
extract crisp association rules at each level, and then aggregate
the obtained measures. We will address this aspect in a future

paper.
5.2 Experimentation results

In order to test the resulting algorithm, we first performed our
experiments over artificially generated set of transactions. We
randomly generated a set of transactions, involving 100 items
(and their negations), considered k¥ = 10 restriction levels,
and obtained a total number of 39600 fuzzy association rules.
For space saving purposes, we restrict the number of items in
arule to 2, 1 in the antecendent and 1 in the consequent. In
forthcoming papers, we will afford the study of more complex
rules.

Each fuzzy association rule has a related set of (crisp) asso-
ciation rules, present in each restriction level. Table 2 shows
an example subset of the obtained rules, after establishing a
threshold of minimum support and minimum certainty factor
of 0.5. Note that, after establishing these thresholds, a rule
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Table 1: Example of extracted fuzzy association rules

id# Rule Evidence RL-Supp RL-CF
#39283 g0 = g2 0.4 0.31 0.31
#39295  —igo = —igs 0.4 0.30 0.25
#39347  —igy = —igo 0.4 0.31 0.31
#39359  —ig1 = —igs 0.1 0.05 0.05
#39463  —ig3 = —igs 0.5 0.38 0.36
#39503  —igy = —igs 0.5 0.38 0.36
#39519  —igy = —igg 0.6 0.45 0.38
#39591  —igy = —igg 0.5 0.38 0.37
#39599  —igg = —igg 0.5 0.38 0.37

may not appear in all restriction levels. For sake of simplicity
and space saving matters, only the rule number is shown. See
Table 1 for a more complete description of some of the rules.

Applying definitions 5 and 7, we can summarize the support
and certainty factor of the rules in the restriction levels, and
compute the measures for the fuzzy association rules. Table 1
shows some of the obtained fuzzy association rules. The rule
numbers correspond to the referred ones in previous Table 2.

In addition, another interesting issue of our proposed
methodology is that, in terms of the restriction levels evidence,
we can summarize also the obtained set of fuzzy association
rules. Actually, we can reduce the number of rules present
at each restriction level, by discarding those with low support
and/or low certainty factor. After this pruning, we can com-
pute the associated probability distribution (see definition 10)
for each rule, and then interpret the resulting set of associa-
tion rules in terms of evidence. For example, the association
rules shown in Table 2 could be summarize according to their
evidence in the following expression,

Ruleset = {#39519}/0.6 +
(439463, #39503, #39591, #3959} /0.5 +
{#39283, #39295, #39347} /0.4

A7)

Again, for space saving purposes, we only refer to the rules
by its rule number. Let us remark that this expression is not
actually a fuzzy set, but still can be very helpful in order to
interpret the set of results, as we relate a relevance degree, the
basic probability assignment, to each rule or set of rules.

Finally, we applied our proposed methodology on real
data, obtained from a database containing soil information
(see [23] for a more complete description). We reduce the
set of data to those attributes modeled as fuzzy quantities
(Averagerain fall, Altitude, Depth, PH, and attributes de-
scribing the soil chemical composition). A set of linguistic la-
bels { Low, M edium, High} was defined for every attribute.
Table 3 shows some of the obtained fuzzy association rules,
all having Fvidence = 1.0, restraining the thresholds of min-
imum support to 0.5 and minimum certainty factor to 0.7, for
space saving purposes.

Let us notice that considering absent items allows us
to improve the semantics of the rules. Ie., considering
item —Avg.Rainfall = Low allows us to represent both
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Table 3: Example of fuzzy association rules on real data

Rule RL-Supp RL-CF
PH = High = = Avg.Rain. = Low 0.616 0.97
PH = Low = —Avg.Rain. = Medium 0.616 0.97
PH = High = —Avg.Rain. = Medium 0.616 0.97
PH = High = = Avg.Rain. = High 0.616 0.97
PH = Medium = —~Avg.Rain. = Low 0.616 0.97
PH = Low = —Avg.Rain. = Low 0.616 0.97
PH = Medium = —Avg.Rain. = Medium 0.616 0.97
PH = Low = —Avg.Rain. = High 0.616 0.97
PH = Medium = —Avg.Rain. = High 0.616 0.97
—Alt. = Low = = Avg.Rain. = High 0.810 0.83
—Alt. = Medium = —Avg.Rain. = High 0.810 0.83
—Alt. = High = —~Avg.Rain. = Low 0.810 0.83
—Alt. = High = —Avg.Rain. = High 0.810 0.83
—Alt. = Medium = —Avg.Rain. = Low 0.810 0.83
—Alt. = High = —Avg.Rain. = Medium 0.810 0.83
—Alt. = Low = —Avg.Rain. = Medium 0.810 0.83
—Alt. = Medium = —Avg.Rain. = Medium 0.810 0.83
—Alt. = Low = = Avg.Rain. = Low 0.810 0.83
Avg.Rainfall = Medium and Avg.Rainfall = High

concepts. This aspect will be addressed in more detail in a
forthcoming paper.

6 Concluding remarks

We have introduced a new methodology to represent fuzzy
association rules in terms of RL-sets, as an alternative rep-
resentation to that of fuzzy sets. This methodology offers
some new advantages as, for example, it allows us to prop-
erly consider issues as fuzzy association rules involving ab-
sent items. As far as we know, ours is a novel methodology,
combining both presence and absence of items with impreci-
sion and uncertainty management. Considering both presence
and absence of items can lead us to discern possible conflicts
between items or detect when a set of items complements an-
other.

In addition, it also offers a method of summarizing the set
of obtained rules, representing them in a format similar to that
of fuzzy sets, and thus allowing us to help the user to discern
the relevance of a given rule or set of rules, along with the
usual measures of interest and accuracy. With respect to these
measures, we have seen how the resulting measures values are
the same to those obtained in the fuzzy set approach. In this
sense, our approach is still coherent with respect to previous
ones. Nevertheless, in the general case, and specially in the
case of the measure of certainty factor, new challenges appears
abroad, and the derived properties for these new definitions for
measuring the accuracy in rules will be approached in a future
paper.

Finally, we have extended an existing Apriori-based algo-
rithm in order to consider a fuzzy association rule as the ag-
gregation (RL-representation) of the related association rules
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Table 2: Example of (crisp) association rules distributed through restriction levels

Rule | 1130983 139205

RL

439347 39359

439463  #39503  #39519 #39591  #39599

1.0
0.9
0.8
0.7
0.6
0.5
0.4

X X X X
X X X X

X X X X

X X X X X
X X X X X
X X X X X X
X X X X X
X X X X X

at each restriction level. As the overall performance is affected
by the higher number of itemsets to be taken into account, one
pending task will be the optimization of this algorithm in order
to improve its efficiency.
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