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Abstract

This paper deals with the problem of solving flexible
queries made to relational databases, where the target
of a query is not a list of attributes but any kind of sum-
mary function which is applied either to one attribute
or to the whole table. In particular, we will attempt
to solve questions which imply a generalization of the
SELECT COUNT sentence. We will consider as gen-
eral a context as possible, by assuming: the involved
table includes fuzzy attributes, and the property which
makes the selection, generates a fuzzy set of tuples.

1 Problem Presentation

The problem of solving flexible queries made to rela-
tional databases has been dealt with at length by using
fuzzy logic-based tools. Different approaches have been
adopted in order to provide an answer to the general
fuzzy SQL question:

SELECT atrl,atr2,..,atrn from tab
WHERE P

where P is an imprecise property to be accomplished by
the tuples of tab. Regarding this general query, several
possibilities have been considered: the table tab may
include fuzzy valued attributes or not, and the complex-
ity of property P can range from a simple selection to a
quotient generalization involving linguistics quantifiers.
The following papers are interesting references for such
subjects [1][2] . All of the papers mentioned above con-
sider the target of the SELECT sentence to be a list of
attributes. At most, accomplishment degrees are added
to the list. However there are many real situations where
the target of a query is not a list of attributes but any kind
of summary function which is applied either to one at-
tribute or to the whole table. The following queries are
examples of these situations:
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1.How many students have obtained
a good mark in Physics?

2what is the average age
of those patients who have
had a short stay in hospital?

Both questions can be described in a general fuzzy SQL
style as follows:

SELECT fi(.), fa(.), ..., fx(.) from tab WHERE P

where f;,i € {1,..k} stands for any aggregation func-
tion of the SQL standard such as COUNT, AVG, STDV,
etc. For example, the above questions should have the
following formulations:

1. SELECT COUNT(*) from students WHERE
mark_of_Physics feqg good
2. SELECT AVG(age) from patients WHERE

time_of_stay feq short where feq stands
for any comparison operator of approximate equality.

All of the fuzzy SQL approaches provide us with
the means to find those students with good marks in
Physics. More specifically, they give us the accomplish-
ment degree of the imprecise property "to have a good
mark in Physics” for each tuple of the table students,
evenifmark_of_Physics is a fuzzy attribute. How-
ever, we do not know of any fuzzy SQL approach which
provides an answer to question }, although there is an
answer in Fuzzy SQL terms for question 2. Obviously,
a possible solution for question 1 will be strongly con-
nected with the problem of computing the cardinal of
a fuzzy set, and the solution of 2 should be solved by
means of a kind of aggregation procedure which leads
to a central measure, previous studies about this subject
can be found in [3}{4]. But all of these ideas must be
integrated in the context of flexible querying to a fuzzy
database, in order to obtain the kind of answer that a
possible user could accept and understand.
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In this paper we will deal with these problems. In par-
ticular, we will attempt to solve questions of type 1
which imply a generalization of the SELECT COUNT
sentence. We will consider as general a context as
as possible, by assuming: the involved table includes
fuzzy attributes, the property P, which makes the selec-
tion, generates a fuzzy set of tuples because it is im-
precise in nature. After presenting the model and no-
tation used, two different approaches to the "SELECT
COUNT" sentence in a fuzzy context are put forward.
In both cases, we will identify the underlying problems
concerning the fuzzy context and we will present the
corresponding solutions.

1.1 The model

As we indicated in the introduction, our context will
be that of fuzzy relational databases, with a possibility-
based approach, we will therefore assume that a Fuzzy
Relational Database (FRDB) is a set of relations
R, S, ..., where each relation, R, is defined in the fol-
lowing way:

Definition 1 Let us consider a sequence of attributes
Ay,...,An Vi € {1,...,n} the basic domain of A;
will be denoted by D;. We shall assume that some of A;s
attributes are allowed to take imprecise values which
will be modeled by means of possibility distribution on
the basic domains. The set T will be the index set of such
attributes and the set of possibility distributions defined
on D;;i € T will be denoted by P(D;). Under these
conditions, we shall define the relation R as a subset of
the Cartesian product:

[Irwox I b

€T i€{l..n}~-T

The set of attributes {A,,...,A,} will be called the
schema of R, as in the classical case. Below, the at-
tribute sets, schemes or subschemes of a relation, will
be denoted by A, B, ...

With this definition, crisp and fuzzy values may appear
in the same relation. We shall denote the former by
x,y ... whereas the latter shall be denoted by X, Y, ...,
and the possibility distribution associated to any fuzzy
value will be denoted in the same way as the value. We
shall also denote the value of attribute A in the tuple ¢
by £{A]. It should be pointed out that crisp relations and
databases appear as a particular case of this definition.

1.2 Two ”SELECT COUNT?” approaches

In a general SQL context, the aggregation function
COUNT is defined for computing how many tuples of
arelation verify any property. There are two versions of
this function, depending on its argument:
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A)SELECT COUNT(*) FROM R WHERE P
B)SELECT COUNT(A) FROM R WHERE P

Case A) counts those tuples in the table R which verify
P, whereas in case B) we obtain however many tuples
in R verify P and which do not have a null value for
attribute A.

In our fuzzy context, property P may be imprecise and
consequently, the set of tuples verifying it may be a
fuzzy set. Solving case A) therefore implies obtaining
some form of cardinal for such a fuzzy set.

Regarding case B), we should consider that attribute
A may be imprecise in nature and the property "to
be not null” shall also be imprecise. In fact, if A is
a fuzzy attribute V& € R the value £[A] will have a
"degree of not nullity” dy(¢[A]), which will be given
by means of some kind of comparison between t[A]
and the fuzzy value N with the possibility distribution:
N(z) = 1,Vz € D 4. Consequently, the query B) can
be reduced to case A) by considering a new property
P’ = P \”A is not null”. In this way, any tuple f € R
will have an accomplishment degree for P’ given by:

Dpr (f) = dp({) ®dN(t—[A])

being @) any tnorm.

In short, the "SELECT COUNT” query in a fuzzy con-
text implies solving the following two problems:

1.- Finding an answer to the question "What is the car-
dinal of a fuzzy set?” that a user could understand

2.- Obtaining the accomplishment degree dy (£[A] in all
of the different cases of imprecision that the attribute A
may present

Some of these solutions will be presented in the next
sections

2 Alinguistics approach to the car-
dinal of a fuzzy set

Many definitions have been given for the cardinal of a
fuzzy set since a lot of attention has been paid to this
problem. We will now offer a summary of the most
interesting approaches; a wider study can be found in

{5}
2.1 Previous definition of the cardinal of a
fuzzy set

Let us consider a fuzzy set F on a finite referential X =
{z;...x,} with a membership function F : X — [0, 1}
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the simplest definition of the cardinal of F is given by De
Lucca and Termini in 1972:

Definition 2 (7] The cardinal crisp of F is given by
P(F) =31 F(z:)

The main drawback of the crisp cardinal appears where
n is a large number since we will then obtain a high
value for the cardinal even when the membership de-
grees are low. Additionally, in our case, to give the car-
dinal as an answer to a possible user may be counterin-
tuitive, since we offer him a real number as the solution.
A more elaborate approach is to give the cardinal as an
interval of real values, the most interesting of such so-
lutions is that given by Dubois and Prade in 1985

Definition 3 [8] Let |F,| be the cardinal of every o-
cut of F, we define the interval approach according to
Dubois and Prade’s definition as the following interval:

DPs(F) = [|Fy|, P(F))

Other approaches have been employed by considering
the cardinal to be a fuzzy set with the referential H =
{1,2,..n}, most of these have been employed by con-
sidering a function f : H — {0, 1] associated with F
and defined as follows:

Vk € H; fi = sup{a/|F,| > k}

by using this function, the following cardinal definitions
have been made:

Definition 4 /9] We define the cardinal of F according
to Zadeh's definition as follows:

Vk € H ZAp(k)) = { min(fk,(l) = fr-1)

Definition 5 [8] We define the cardinal of F according
to Dubois and Prades’s definition as follows:

if k> |F|

otherwise

Vk € H DPp(k) = { S

Definition 6 (5] We define the cardinal of F according
to Delgado, Sanchez and Vila's definition as follows:

Vk € H DSVp(k) = fi — fea1

Definitions 4 and 5 attempt to give a possibility distribu-
tion for the cardinal, whereas definition 6 uses a proba-
bilistic approach. One of these definitions could be used
to solve our problem, however all of them offer informa-
tion which is too technical for the non-expert user. The
following real example clarifies this idea.

Example 1 We have considered the marks obtained by
48 Students in the subject " Databases” and the impre-
cise property "to have an average mark”; the accom-
plishment degree of such a property for each student
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obviously gives a fuzzy set. By applying the above defi-
nitions, we can obtain different approaches for the car-
dinal of this fuzzy set, these approaches are summarized
in the following graphs
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if k> |F|

otherwise
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Figure 1. several cardinals

2.2 A linguistic cardinal definition

It is clear that none of these definitions is actually useful
when it comes to giving an answer to a normal database
user. A new way of presenting the cardinal of a fuzzy set
is necessary. It should be noted that we are not propos-
ing a new way of computing the cardinal as in our opin-
ion there are enough approaches to this question. Our
idea is to give a linguistic label such as: “"around k”
where k € Z* (positive integer numbers), as an an-
swer. Obviously the semantics of this linguistic label
should be as compatible as possible with the different
cardinal definitions. We will therefore also assume that
the semantics must restrict the possible values to be be-
tween the 1-cut cardinal and the support cardinal of the
considered fuzzy set. In such a way that the complete
sentence will be something like: “less than or equal to
ng, greater than or equal to ny and around k" More
formally:

Definition 7 Ler F be any fuzzy set with the finite refer-
ential X, ng = |{z € X/F(z) > 0}| and ny = {Fy|,we
define Linguistics cardinal of F as a label Ly, whose
membership function Ly : H — [0, 1] is given by:

(= (k=) if maz(m,(k—D)Si<k
LuG)={ (k+D) -/l if k<i<min(no, (k+1)
0

otherwise

that is 1o say, Lyi(.) is equal to O out of the interval
[n1,no) and triangular with the center k and spread l in
this interval, additionally Ly verifies:

G(Lk 1, C(F)) is maximal
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where G(.,.) is any compatibility measure and C(F)
stands for one of the approaches to the F cardinal.
This general definition should be made more concrete
by fixing the cardinal definition and the compatibility
measure. Both questions are strongly related, since the
compatibility between the cardinal of a fuzzy set F and
the linguistic quantifier L can be seen as the accom-
plishment degree of the quantified sentence
" L elements of X are F”

A wide study on the evaluation of quantified sentences
and their relations with the different approaches to
the fuzzy cardinal can be found in [6], other ques-
tions regarding the use of quantified sentences in fuzzy
databases can be found in [10]. By applying the results
of [6], the following compatibility measures can be con-
sidered:

» If we consider as the cardinal of F, P(F') (crisp cardi-
nal) and n = round(P(F) then

G(L, P(F)) = Li(n)

o If we consider the possibilitic approaches to the cardi-
nal ZAp or DPr then we obtain:

G(Lxt, ZAF) = MaXign, no] Min(Z Ap(3), L ()
G(Lxt, DPr)) = maxigin, ,no) min(DPr(i), Lii(i))

o If we consider the probabilistic approach of the DSV
cardinal we have:

G(Lit, DSVp) = Z:—?m DSVp(i)Lu(3)

In order to choose one of these possibilities we will an-
alyze some properties of the measures.

Property 1 G(Ly;, DPr)) = 1 ifandonly if k = n,,
whatever the l value.

The proof of this property is immediate if we take into
account that DPp(¢) = 1 if and only if ¢ = n; and
Lil(z) = lifand only if i = k.

Property 2 G(Lii, P(F)) = 1 if and only if k is
round(P(F), whatever the | value.

The proof is immediate.
Property 3 We have

G(Lii, ZAF)) = supigin, no)Mn(fi, (1— fi1), what-
ever the | value.

The proof is immediate.
Property 4 G(Lyi, DSVF)) is increasing in l:
Proof: by means of the adequate substitutions,
G(Lit, DSVp) — G(Lya41, DSVF) =
((fremt = Jrmi1) + (fowt = fir41))/(L+1)
+Z:‘=k—(l—l)(f" ~ fin)(= kl:-1‘+l - ﬂf_—q)
+ RN fy  fop) (A=t - k)

0-7803-7078-3/01/$10.00 (C)2001 IEEE.

Terms outside the sums are positive, and:

i~ (k—(I+1 i—(k=1) .
) B > 0 k020

Efdol Bt >0=i-k20

which assures us the difference is positive and the prop-
erty holds.

Property 5 lim;_.oo G(Lxt, DSVF)) =1
Proof:

limy—0 G(Liit, DSVF)) =

limy oo 332y, (fi = fivr) Lua(d) =
=300 (fi = fiwr) limimoo (L (4))

According to definition 7, Liy () = (i — (k — {))/l or
L) = ((k+ 1) - 9)/L

In any case lim;—o (Lxi(2)) = 1 and consequently
limy—oo G(Lit, DSVE)) = Z?ﬁ,., (fi = fix1) =

= fnl - fno+l =1

2.3 Computing the linguistic cardinal

Properties 1, 2, and 3 indicate that the use of the crisp
cardinal or the possibilistic cardinals results in a crisp
solution, since the spread ! of label Ly, is not relevant
for the compatibility measure value. For example, if
we use the DPp cardinal, we obtain "n; elements” as
an answer and if we use the crisp cardinal the answer
will be "round(P(F)) elements”. This solution appears
meaningless since a crisp answer is given to an impre-
cise query. We can conclude that the most suitable mea-

sure is G(Lyt, DSVF).

This measure, however, also has some drawbacks since
according to 4 and 5 if { is sufficiently large, the measure
will be close to one, independently of the k value. This
inconvenience can be avoided by restricting ! in some
way. In this situation, according to property 4:

maxg G(Lxi, DSVr)) = mazkG(Lgn, DSVE))
where h is the maximal allowed value for [.

A new problem arises, since it is necessary to give a
restriction criteria for I. Our solution to this point is to
assume that the fuzziness of Ly cannot exceed that of
the fuzzy cardinal which it represents. We shall consider
definition 5 to compute such fuzzines, since it is the only
definition which gives a convex and normalized fuzzy
set in Z, that is to say, a fuzzy quantity in Z*.

Several fuzziness measures may be considered. In our
opinion, the following are the most suitable since they
have a clear relation with the DSV cardinal used in the
function G(Lign, DSVF).
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Definition 8 /5] Let F' be any fuzzy set for which we
define the entropy of F as: :

E(F) =) _ DSVp(k)in(DSVr(k))
k=1
The following properties are immediate:
Property 6 E(DVy) = E(F)
Property 7 Vk € H ; E(Ly) = In(l)

Definition 9 [11] Let us consider the fuzzy set F and
its fuzzy cardinal according to Dubois and Prades defi-
nition D Pp, and we shall call the fuzziness of DPr the
value given by:

fk<05 Sl

@ erisp cardinnal

»

HS RV A S S SR R I )

o . [ A .

T e C : ; . "1 e

B H i H : . poioi i
i

P P v T Y P N R TR TR e

V(DPp)= Y (k-n1)DSV(k)+ Y (ni—k)DSV (k)

fi20 f,k20.5

It should be noted that the above formula is the adapta-
tion of Delgado et al.’s fuzziness measure (see [11]) for
fuzzy numbers to this case. The following property can
be also found in this reference.

Property 8 The fuzziness of any linguistic label Ly is
givenbyVk € H ;V(Ly) =2l

We are now able to give a procedure to compute the
fuzzy linguistic cardinal of any fuzzy set:

1.- Given the fuzzy set F, computing its associated se-
quence {fr}

2.- Computing v; = E(DPg) and Vo = V(DPr) by
using such a sequence.

3.- Let by = round(e*), hs = round(2v2) and
h = max(hi, ha), h is the maximal possible spread for
a linguistic cardinal with an imprecision not greater than
the imprecision of DPp.

4.- Obtaining Lg.p, = maxg G(Lir, DSVg)). This is
the F linguistic fuzzy cardinal.

In order to use this procedure to obtain an answer
for an imprecise "SELECT COUNT WHERE P",it
should be noticed that step 1 can be carried out whereas
the querying process of the imprecise property P and
the optimization involved in step 4 is performed on a fi-
nite set, so this procedure does not significantly increase
the time needed to process the imprecise query *SE-
LECT WHERE P".

Example 2 Let us consider the example 1, whereby af-
ter applying the above procedure we obtain the follow-
ing results:

.h1=7,h2=15,k'=22

o With the graphical representation for L., which ap-
pears in figure 2
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Figure 2. fuzzy cardinals and linguistic fuzzy
cardinal

3 The problem of nullness

First of all, we must distinguish between two types of
fuzzy attributes: numeric attributes and non-numeric
attributes. Numeric attributes are those with an un-
derlying numeric domain, and which may be fuzzy or
not. Non-numeric attributes are those represented by
a set of linguistic labels. Each label has an associ-
ated fulfillment degree. We also consider three cases
of full uncertainty, represented in FSQL by the reserved
words NULL, UNDEFINED and UNKNOWN. An UN-
KNOWN value is used when we do not know the value,
but it is applicable. We say a value is UNDEFINED
when it is not applicable or senseless. And finally, we
say a value is NULL when our lack of knowledge is to-
tal. We have decided to give the value 0 of not nullness
to these cases.

For the fuzzy numeric attributes, this measure may be
defined mathematically in the following way: Let us
consider A to be a fuzzy attribute of a table, and F a
possible value for this attribute. The not-nullness func-
tion, nn(F), takes the values

nn (F) = { 0, if¥z € dom(4) F(z) =1

and the intermediate values nn(F) =1 - 3£

where S is the area of the active domain rectangle and
S is the area of the membership function for F. So,
the wider the area of the belonging function, the higher
the uncertainty of the value F.

It is not necessary to say that this numeric type includes
the “crisp’ case, . It is easy for us to obtain Sx, since
the membership functions we use are very simple.

The second fuzzy type considered, also known as a non-
numeric or possibilistic fuzzy type, is represented by a

1, if Yz € dom(A) x # aF(z) =0;F(a) =1
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set of linguistic labels. Each of these labels has a ful-
fillment degree associated, and has no underlying nu-
meric domain. The main feature of this type is its ca-
pability to store muitiple values simultaneously. Let
us formally consider B to be a fuzzy non-numeric at-
tribute with Lg = {label,/degy, ..., label, /degn}, a
set of linguistic labels, where label; is a linguistic la-
bel and deg; its fulfillment degree between O and 1; i.e.
an attribute called "Horizon topography’, with labels (as
possible values) ‘smooth’, *wavy’, irregular’ and ’bro-
ken’. For example, a tuple might contain the value set
{’smooth’/0.8, *broken’/0.3}.

We can now discuss the boundary cases. With all de-
grees equal to 0, we have an undefined value for the
attribute. On the other hand, with all degrees equal to 1,
the value is unknown. For both cases, the value of the
not-null function might be 0. We find the ’crisp’ case
when there is just one label with its degree equal to 1,
and the others are equal to 0. The not-null function takes
the value 1.

We therefore propose that in order to obtain the nearest
value to 1, we must search for a label with its fulfill-
ment degree nearest to 1 and, at the same time, with the
degrees of the other labels nearest to 0. Since we must
combine these values for all the labels in an attribute,
the best solution is the following:

nn(X) = @?=l(degi ® ®;=l,j¢i(l - deg]))

where ® and & are a standard t-norm and t-conorm, re-
spectively. :

4 Concluding Remarks

We have considered the problem of "SE-
LECT COUNT" in an imprecise context and have
proposed a solution for it, by means of a linguistic
version of the fuzzy cardinal and by defining a not-null
accomplishment degree.

The linguistic fuzzy cardinal is established, based on
previous definitions of the cardinal of a fuzzy set and
the accomplishment degree of linguistic properties, im-
precision measures of fuzzy sets are also used. Future
work in this subject will include: an experimental anal-
ysis where the usefulness of the linguistic cardinal will
be tested with real users and imprecise databases, and a
deeper theoretical study by considering questions such
as unnormalized fuzzy sets, linguistic cardinal sensibil-
ity with respect to changes in the associated fuzzy sets,
extreme cases, etc.

Regarding the more general problem of aggregation
functions in fuzzy querying, other functions such as
AVG or MEDIAN shall be considered in a forthcom-

ing paper.
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