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Abstract. This paper presents a new way of giving the summary of a
numerical attribute involved in a fuzzy query. It is based on the idea
of offering a linguistic interpretation, therefore we propose to use a flat
fuzzy number as summary. To obtain it, we optimize any index which
measures the relation between the fuzzy bag (which is the answer to the
fuzzy query) and the fuzzy number. Several indices should be considered:
some of them are based on linguistic quantified sentences, other ones
are founded on divergence measures. The method can be also used to
summarize other related fuzzy sets such as fuzzy average, maximum,
minimum etc.

1 Introduction

Aggregation functions are widely used in database querying. They also play a
central role in data warehousing and data mining issues. Several ”classical” ag-
gregation functions are oriented to give a kind of summary for the bag of values
which is the result of any database query. If we are dealing with numerical at-
tributes the arithmetic average is the function usually employed for this purpose.

If the query involves any imprecise property, the result is a fuzzy bag of
values. The current summarizing procedure consists of using the alpha cut rep-
resentation, computing the attribute values average for each alpha cut and giving
a ”fuzzy set of means”. The main drawbacks of this approach are that the result
is not easily understandable and that using it in additional comparisons, arith-
metic operations etc. is almost impossible. Consequently this approach does not
seem to be useful for addressing problems such as nested fuzzy queries, data
warehousing with imprecise dimension values etc.

For these reasons , we propose to use a flat fuzzy number as the summary of
a fuzzy bag of numeric values. This fuzzy number has a direct linguistic inter-
pretation and can be easily compared and operated. To obtain this ”linguistic
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summary”, we propose to optimize any index which measures the relation be-
tween the considered fuzzy bag and the fuzzy number. Several indices should be
considered: some of them are based in linguistic quantified sentences, other ones
are founded in divergence measures.

We will present the problem in the next section, the following one is devoted
to the mathematical formulation which leads to a constrained optimization prob-
lem. An optimization procedure is proposed in the next section where a real
example is also offered. The paper finishes with some concluding remarks and
the references.

2 Problem Presentation

Although the results we will present can be applied in many situations, the
problem we face arises from a fuzzy query process. Frequently, the output of
such a process consists of several pairs {(vi, αi)} where i ∈ {1, 2..n} ; αi ∈ [0, 1]
and vi ∈ DA being DA ⊂ R the domain of any numeric attribute. This kind of
results appears when we ask for any numerical attribute value of tuples verifying
an imprecise property. Some examples are the ”salary of young people” or the
”price of apartments located near to the beach”.

It is important to remark that the pairs {(vi, αi)} are neither a set, nor a
fuzzy set. In the output of a query like the examples above offered, there may
be pairs (vi, αi) , (vj , αj) that verify vi = vj and αi = αj . The mathematical
structure corresponding to this situation is that of ”fuzzy bag”. This concept is
a generalization of the fuzzy set and bag ones and it has been mainly developed
by R. Yager ([YA96])

Let us consider now that the querying process has a summary objective. That
is, the user does not want to know detailed values, but some kind of approxi-
mation which gives him a general idea about what is the value of an attribute
for those items verifying some imprecise property. By continuing the above ex-
amples, we would ask for: ”the approximate salary of young people” or for ”the
approximate price of apartments located near to the beach”.

Additionally, it could be necessary to obtain a more specific aggregation
function such as the average, the maximum or the minimum, and to consider
queries such as: ”the average salary of young people” or ”the maximal price of
apartments located near to the beach”.

These last cases of specifics aggregations have been previously dealt with by
E. Rudensteiner and L. Bic ( [RU89]) and D.Dubois and H. Prade ([DP90]),
by giving fuzzy sets as query solution. The central idea of these approaches is
the following: starting from the fuzzy bag output B̃ = {(vi, αi)}, we obtain the
sequence {βj}, j ∈ {1...m} ; βj < βj+1 ; βm = 1 of the different membership
values which can appear in B̃.

By obtaining the corresponding α-cut of B̃ we can generate a crisp bag
sequence {Bβj} , and the application of the considered aggregation function f(.)
(average, maximum, minimum etc.) to each crisp bag gives us a sequence of
pairs {(uj, βj)} where ∀j ∈ {1, ..., m} uj = f(βj). This sequence can be easily
transformed in a fuzzy set by using:



A New Proposal of Aggregation Functions: The Linguistic Summary 129

∀v ∈ DA µf (v) =
{

sup{βj/uj = v} if ∃j ∈ {1, ...n} v = uj

0 otherwise

However, in our opinion, offering a fuzzy bag or a fuzzy set as a solution for a
summary query, may be meaningless, since a non expert user could be not able
to understand it.

Additionally, the result of the query could be the input for another processes,
such as to ”nested queries”, for example to ask for: ”workers whose salary is
greater than the average salary of young people”. If the ”average salary” is a
fuzzy bag or a fuzzy set, solving this query is very difficult (if not impossible),
since there is not a comparison procedure for general fuzzy sets.

For all these reasons we propose to give a fuzzy number as the result of a
summary query either when we consider the whole original fuzzy bag, or we take
any aggregation function which produces an intermediate fuzzy set.

It should be remarked our problem should be viewed a particular case that of
the linguistic aproximation (LA) one. This problem has been mainly dealed with
in the context of fuzzy control or fuzzy expert systems (see [[ko99],[Wha01]) and
most of the proposed methods assume there is a set of label previously established
as well as the item to be approximated is a fuzzy set. Since we start from different
context (fuzzy querying processes) our approach is also quite different

3 Mathematical Formulation of the Problem

According to consideration above, our problem is focused in the following way:
”Given a fuzzy numerical bag B̃ with support [a, b] ∈ R to obtain a fuzzy

number F̃ defined on the same support such that: ”M(B̃, F̃ )is minimal” where
M stands for some kind of measure of distance, divergence, opposite to an
approximation measure etc.. between B̃ and F̃ .

Since the fuzzy number should actually be an approximation we may to
consider it is a trapezoidal fuzzy number, which is easier to interpret and to
compute. Therefore the problem can be formulated as follows:

Minimize M(B̃, F̃ (m1, m2, a1, a2)) (1)
Subject to

hk(m1, m2, a1, a2) ≤ 0 ∀k ∈ {1, ..l}
where:

- F̃ (m1, m2, a1, a2) is a trapezoidal fuzzy number with support
[m1 − a1, m2 + a2] and mode [m1, m2]

- ∀k ∈ {1, ..l} ; hk(m1, m2, a1, a2) ≤ 0 stands for any constraint associated
with the fuzzy number such as a1 ≥ 0 or m1 ≤ m2. A more specific formu-
lation of these constraints will offered in the follwing section 3.1.

It is clear that the optimization problem given in (1) has (m1, m2, a1, a2) as
variables and we have to obtain them by solving it. However before to do it, we
must to concrete the problem elements.
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3.1 The Measure M
M should be either a divergence measure or the opposite to a compatibility
measure. We have considered both possibilities.

Divergence Measures The divergence between two fuzzy sets can be estab-
lished in an axiomatic way and any fuzzy measure of this divergence weights
their distance. A general study of this can be found in [MO02]. Among other
divergence examples, this article presents the Hamming distance between fuzzy
sets. We will use this measure by considering:

M(B̃, F̃ ) = (
n∑

i=1

‖αi − F̃ (vi)‖)/n

where F̃ (.) denotes the membership function of F̃

Compatibility Measures Since we have already defined a distance-based mea-
sure, a new approach is necessary if we want to consider truly different measures.
Therefore we will consider that a good approximation to the fuzzy bag B̃ could
be the fuzzy number F̃ which maximize the accomplishment degree of the quan-
tified sentence

”Q elements of B̃ are F̃” (2)

where Q stands for any linguistic quantifier such as ”most”, ”almost all”, ”all”
etc. And we will define:

M(B̃, F̃ ) = oposite of{accomplishment degree of (2)} (3)

A wide study on the evaluation of quantified sentences and their relations with
the different approaches to the fuzzy cardinal can be found in [DSV99].

The basic idea of this paper is that the accomplishment degree of the sen-
tence: ”Q of D̃ are Ã” can be obtained by means of the degree of matching
between the quantifier ,(defined as a fuzzy set on [0,1]), and the ”relative car-
dinal” of Ã with respect to D̃, given also by a fuzzy set on [0,1]. The paper
proposes two methods for computing this cardinal and the matching degree:

– Possibilistic method
Let M(Ã) = {α ∈ [0, 1]|∃xi such that Ã(xi) = α}, and:

M(Ã/D̃) = M(Ã ∩ D̃) ∪ M(D̃)

CR(Ã/D̃) =

{
|(Ã⋂

D̃)α|
|D̃α|

such that α ∈ M(Ã/D̃)

}
the relative cardinality of Ã with respect to D̃ is defined as:

∀c ∈ CR(Ã/D̃) : ES(Ã/D̃, c) = max

{
α ∈ M(Ã/D̃)|c =

|(Ã ⋂
D̃)α|

|D̃α|

}
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The matching degree with any quantifier Q is given by:

ZSQ(Ã/D̃) = max
c∈CR(Ã/D̃)

min(ES(Ã/D̃, c), Q(c))

– Probabilistic Method
Let us consider that the set M(Ã/D̃) defined in the above paragraph is
ordered, that is M(Ã/D̃) = {α1, >, ..., > αm+1} with α1 = 1 and αm+1 = 0.
Let

C(Ã/D̃, αi) =
|(Ã⋂

D̃)α|
|D̃α|

Then the relative cardinality of Ã with respect to D̃, ER(Ã/D̃) is defined
as:

∀c ∈ CR(Ã/D̃) : ER(Ã/D̃, c) =
∑

c=C(Ã/D̃,αi)

(αi − αi+1)

The matching degree with any quantifier Q is given by:

GDQ(Ã/D̃) =
∑

c∈CR(Ã/D̃)

ER(Ã/D̃, c) × Q(c)

Verifying that both methods are usable in the fuzzy bag case is straightforward,
since the involved processes are union, intersection, and computing the cardinal
of an α−cut are defined also for fuzzy bags.

Therefore, chosen any quantifier Q, we can use ZSQ(B̃/F̃ ) or GDQ(B̃/F̃ ) as
the compatibility degree appearing in (3).

3.2 The Constraint System

The constraints defined on the four parameter of F̃ : (m1, m2, a1, a2) can be
divided in two classes:

Those oriented to assure that F̃ is a fuzzy number, which are:

−a1 ≤ 0
−a2 ≤ 0
m1 − m2 ≤ 0

(4)

And those oriented to fit the fuzzy number F̃ (m1, m2, a1, a2) inside the B̃ area.
If [a, b] is the minimal interval including the B̃ support and [c, d] the minimal
interval including the B̃ mode, we impose:

−m1 + a1 + a ≤ 0
m2 + a2 − b ≤ 0
m1 − m2 − (d − c) ≤ 0

(5)

Additionally, to control the imprecision of the obtained solution, we will impose
that the fuzziness of F̃ should be least than or equal to that of the B̃:

F(F̃ ) −F(B̃) ≤ 0 (6)
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We propose the Delgado et al.’s fuzziness measure (see [DVV98]) as fuzzy mea-
sure. The adaptation of this measure to the case of B̃ is given by:

F(B̃) =
∑

βj≤1/2

(R(βj) − L(βj))(βj − βj−1) −
∑

βj>1/2

(R(βj) − L(βj))(βj − βj−1)

where the sequence {βj} has been defined in the section 2 and

∀α ∈ [0, 1] ; R(α) = sup{x|x ∈ B̃α} and L(α) = inf{x|x ∈ B̃α}
The following property can be also found in [DVV98].

Property 1. The fuzziness of any trapezoidal fuzzy number F̃ (m1, m2, a1, a2) is
given by m2 − m1 + (a2 − a1)/2

This property gives us the constraint (6):

1/2a2 − 1/2a1 + m2 − m1 −F(B̃) ≤ 0 (7)

4 The Optimization Process

According to the formulation given above, the problem of obtaining a summary
for a fuzzy query numerical answer can be focused in solving the following opti-
mization problem:

Minimize M(B̃, F̃ (m1, m2, a1, a2)) (8)
Subject to 

−1 0 0 0
0 −1 0 0
0 0 1 −1

−1 0 1 0
0 1 0 1
0 0 −1 1

−1/2 1/2 −1 1




a1

a2

m1

m2

 −



0
0
0

−a
b

(d − c)
F(B̃)


≤



0
0
0
0
0
0
0


Clearly, (8) is a constrained optimization problem, with a linear constraint sys-
tem and with an objective function whose properties can vary depending on
what alternative is chosen among those ones presented in the Section 3.1. More-
over, if we take some compatibility-based measure we have no formal expression
for the objective of (8), although we can evaluate this objective at every point.
Therefore, if we want to design an optimization process general enough to cover
all possible objectives, it is necessary to use a direct search optimization method
which only needs the objective function values.

For these reasons we have chosen a penalty method ([FC68]) to deal with
the constraints and a direct search method to solve the unconstrained problems
associated to the penalty approach, concretely we have used the Hooke-Jeeves
search method. ([HJ66]).
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This optimization procedure provides us with a way to get the trapezoidal
fuzzy number which approximates the fuzzy bag, by considering the different
kind of measures and even, in the case of compatibility-based measures, different
linguistic quantifiers. The following example illustrates how this procedure can
be used and its usefulness in order to provide a summarized answer.

Example 1. We have considered the marks obtained by a group of students in
the subjects ”Databases” and ”Programming Languages”. Our goal is now to
know what is the mark in ”Programming Languages” of those students which
have attained a ”good mark” in ”Databases”. We have applied the optimiza-
tion procedure to the fuzzy bag direct result obtained from the query and the
fuzzy sets average, maximum and minimum. The chosen objective has been the
probabilistic compatibility measure and the linguistic quantifier ”most”, whose
membership function is ∀x ∈ [0, 1] ; Q(x) = x. The results appears in the figure
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Fig. 1. Results of example

Now it is possible to offer linguistic interpretations of the results such as:
- The marks in ”Programming Languages” of students which are good in

”Databases” are ”more or less” between 5 and 7.5.
- The average of marks in ”Programming Languages” of students which are

good in ”Databases” is more or less between 6.90 and 7.15.
- The maximum of marks in ”Programming Languages” of students which

are good in ”Databases” is a bit greater than 7.5 and less than 10.
- The minimum of marks in ”Programming Languages” of students which

are good in ”Databases” is around 5.5.
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5 Concluding Remarks

We have presented a new way of giving the summary of a numerical attribute
involved in a fuzzy query. This is based on the idea of offering a linguistic inter-
pretation as result and it can be applied either to the initial fuzzy bag or to the
fuzzy set that results from considering the average, maximum, minimum or, in
general, every aggregation function.

A procedure to obtain this linguistic summary is also presented. It is founded
in solving an constrained optimization problem whose objective function can
adopt different formulations depending on what is the measure we choose.

A real example show us how this new approach can be more understandable
for a non expert user, besides the possibility of using this result in an additional
process such as a nested query.

However this is only an initial proposal. Deeper studies are necessary in order
to improve the approach, concretely:

• We are carrying out an experimental analysis in order to decide on the
more suitable objective function, by considering divergence or compatibility-
based measures and, for this second case, by using different linguistic quantifiers.

• All this process is going to be implemented in the prototype of a fuzzy
database system, developed by our working group for tuning the optimization
algorithm and for adapting it to solve real problems.

The results of these studies will be offered later on in a forthcoming work.
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