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coexisting in the grid. The results of the third simulation are plotted
in Fig. 3(d). Here we see the field over time converge to zero as all
waves are now being absorbed by both PMLs. Just as important is that
the system remain stable for having both types of PMLs within the
space. Simulations were run for 12,000 timesteps at the courant for the
implicit code. We ran the simulations for the explicit FDTD code for
16,000 timesteps at .7 of the courant. Both codes yield similar results,
however, only the explicit results are plotted. It should be noted, at least
in the explicit code, that for this simulation if we set �max�t > 5:0

the KPML becomes unstable, absorbing the short wavelength incident
whistler waves but exhibiting growth in long wavelength waves of the
same frequency and eventually saturating the entire space. Therefore,
in this case the, the KPML breaks down as an absorbing boundary
condition and consequently one must be careful in their choice of
�max�t. However, for the free space case of Section IV-A, we found
the KPML to be stable for all values of �max�t so it really depends
on the medium that the KPML is matching.

V. SUMMARY

We have developed a new PML formulation, referred to as the
KPML, which explicitly takes into account information on the
k-vector direction of incident waves. The use of the KPML method is
necessitated for media when the k-vector and group velocity vector
components normal to the PML are antiparallel, in which case the
traditional PML algorithms result in the growth of the waves (rather
than their attenuation) within the PML region. We applied the KPML
method to the specific case of whistler mode waves in a magnetized
plasma and quantified its effectiveness with both reflection coefficient
calculations as well as demonstrating the stability of the formulation
with time domain simulations. The time domain results were obtained
using both explicit and implicit schemes. We are currently investi-
gating methods for optimizing the numerical reflection coefficient of
the KPML as well as ways to generalize the KPML method for any
anistropic medium whose k-vector and group velocity vectors differ.
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Application of Matrix Pencil to Obtain the Current Modes
on Electrically Large Bodies
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Abstract—The matrix pencil method, in combination with an interpola-
tion using nonuniform rational bi-spline surfaces, is applied for the expan-
sion of the induced currents on complex bodies in terms of current-modes.
The approach is useful for solving electrically large problems of radiation
or scattering using physical optics with one or more bounces. The tech-
niques presented in this paper can be also useful to improve some rigorous
methods.

Index Terms—Electromagnetic analysis, electromagnetic scattering, pa-
rameter estimation, physical optics (PO), radar cross sections, spline func-
tions.

I. INTRODUCTION

Recently, several efficient methods have been developed for the rig-
orous numerical analysis of radiation and scattering of electrically large
problems. The multilevel fast multipole algorithm (MLFMA) has im-
proved the efficiency of the methods based on the solution of an inte-
gral equation (IE), [1]. This algorithm makes it unnecessary to compute
or store the large and dense impedance matrix that appears when the
IE is discretized; furthermore the CPU-time required to evaluate the
application of the discretized IE operator to a vector is proportional to
N logN , whereN is the number of samples. When an iterative method
is employed to solve the discretized IE, both the CPU-time and the
computer memory needed are only proportional to N logN , which is
a great improvement on the efficiency of the numerical method. How-
ever,N is proportional to the surface size expressed in terms of squared
lambda. Typically a sampling rate in the range of 6 to 10 samples per
wavelength is needed. Therefore, due to the dependence of N on the
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square of the frequency, huge computer resources are required for an-
alyzing a large structure (e.g., an aircraft) in the microwave range of
frequencies, even when using MLFMA. It must be taken into account
that MLFMA needs to compute or to storeNc�N method of moments
(MoM) matrix elements, where Nc is the average number of subdo-
mains close to a given one for which a rigorous computation (without
the FMA approach) of the coupling with this subdomain is required.

With the aim of overcoming this drawback, the asymptotic phase-
front extraction (APE) technique was used to obtain and represent the
currents on the smooth surfaces of electrically large perfect electric
conducting (PEC) bodies of arbitrary geometry [2]. Using this ap-
proach each one of the two components of the current vector function is
expressed as a finite series of high frequency terms. Each term of those
series is defined by the product of a slowly varying amplitude function
that defines the component amplitude and an exponential function
which takes into account the phase-variation that also varies slowly,
[3]–[5]. We will call these terms “current modes.” The two functions
that define a mode (amplitude and phase functions) extend over large
areas of the body surface, so that each component of the current in the
entire body surface can be accurately represented with a small number
of these pairs of functions. In fact, both slowly-varying functions can
be represented and interpolated from a number of samples M , which
is considerably smaller than the number of values required in a direct
sampling of the current component N , [6]. Another very important
feature is that M depends very weakly on the frequency. This means
that an expansion of the current component in such terms will greatly
reduce the aforementioned drawback of rigorous methods for high
frequencies, particularly considering that the field generated by these
current functions can be computed very efficiently, with a compu-
tational complexity proportional to M [7]. It should be noted that
these current modes could greatly improve the efficiency of iterative
methods solving extremely large electromagnetic problems, because
they avoid the storage of the MLFMA terms and the huge amount of
data resulting from the sampling of the current density when 6 to 10
samples per wavelength are employed. On the other hand, the field
generated by the current modes is computed faster because only M

samples should be considered in both the integral domain (surface
where the current is defined) and in the field domain (surface where
the field must be found).

In this work it is assumed that the geometry of the bodies under anal-
ysis is described by a set of parametric surfaces. In particular each sur-
face will be described by one or more nonuniform rational bi-spline
surfaces (NURBS) [8]. It is also assumed that each NURBS is electri-
cally very large, so that its current can be accurately represented by a set
of current modes. NURBS are very useful in the analysis of complex
structures because they have been included into several international
standards and are widely used for the representation and interchange
of the geometrical information in many industrial sectors. It is desir-
able to exploit the NURBS description of a body working directly over
it, without the need of a new remeshing of the body geometries.

The purpose of this paper is to describe an efficient procedure for ex-
panding a known real current on a NURBS in terms of current modes. In
order to illustrate the technique in this paper, a physical optics (PO) cur-
rent is used as the known current. More generally, however, the known
current could come from an IE solution.

The expansion of the current on a body in terms of current modes
has the following advantages apart from the aforementioned efficiency
in the current representation and storage.

— It makes possible a fast computation of the near and far-fields [9].

— It provides useful expressions for understanding the current
behavior in the body surface, which mechanisms cause them,
etc. This understanding can help to predict the current behavior
when the working frequency changes in the problem using the
frequency scaling properties of the current modes [2] and [5].

It is assumed that the current is known, at least, in a set of sampling
points and around these points. The values of the current at those points
are the input data for the procedure presented in the paper. The purpose
is to obtain the current modes expansion of the current from this data.

An example of the potential applications of the proposed approach
could be an improvement of the MLFMA avoiding the computation and
storage of the Nc � N matrix elements between close subdomains in
the smooth areas of the body under analysis and accelerating the field
computation between far smooth surfaces. These surfaces can repre-
sent almost all the body area and therefore the storage and CPU-time
saving can be very large. In the smooth areas of the body, the field that
a current mode creates over the surface where the mode itself is located
is a new current mode with the same phase variation that this current
mode plus new modes due to the “diffraction” effect in the boundary
lines of the surface where the current mode is defined, if these lines are
the edges of any sharp wedge. To apply the current modes approach
in combination with MLFMA we shall obtain a representation of the
field or error functions in terms of modes in each smooth surface at any
step of the iterative scheme used in the MLFMA due to the different
current modes in other surfaces, or due to the current near the edge dis-
continuities, and in general any kind of discontinuity. Once the current
for a given iteration is expressed in terms of a few modes, one is able
to compute efficiently the field re-radiated by these modes in the fol-
lowing step of the iterative approach [7].

This paper is arranged as follows. Section II presents the definition
of the problem to be solved and the model of exponential function se-
ries, useful to represent the currents locally around the sampling points
considered. It is shown that the parameters of the current modes can be
found by solving the exponential terms in the model. Results for three
scattering cases are presented in Section III . These cases are a simple
flat plate illuminated by two sources, a problem with double reflection
between curve surfaces, and the representation of the field that a PO
current creates over the same surface where it is defined. The results
show that the approach presented is fine to find a useful expansion of
the current in terms of modes.

II. DEFINITION OF CURRENT MODES

The coordinates of an arbitrary point (~r0) on a surface and the values
of a current mode on that point are expressed in terms of the parametric
coordinates (u; v) of that surface. This means that the parametric do-
main space where the geometry and the current mode are defined is
quite simple in the parametric space; it is a flat square patch with sides
of length 1, defined by 0 � u � 1 and 0 � v � 1. We use five para-
metric functions for each current mode on a given piece of a surface.
Three parametric functions are for the representation of the x, y and z
coordinates of the points of that piece of surface itself in terms of para-
metric coordinates (u; v). The other two parametric functions are for
the representation of the amplitude and the phase, respectively, of the
mode. We must notice that the current modes are the terms of the two
separate series that represent the u- or a v-component the current ~J on
that surface. We shall use different series for each one of theu- or v-cur-
rent components of ~J to represent a surface current whose polarization
(elliptical in a general case) can change along the surface points.

In order to find the expression of any of these five functions, a set
of sampling points is selected on that surface. Fig. 1 shows an example
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Fig. 1. Example of a surface piece. The sample points where a NURBS patch
is interpolated are indicated by crosses.

of a set of sampling points on a piece of the surface of a body. The
procedures to obtain the three parametric functions that result in the
Cartesian co-ordinates of the points of a surface are well established
[8]. Usually, if the direction of the normal vector to the surface piece
does not turn more than 30 degrees when we move this vector along all
the points of that surface piece, a mesh of 7� 7 points contains enough
information to interpolate the three parameter functions that represent
the geometry of that surface piece as a NURBS. We select the surface
pieces following the criterion that the normal vector does not turn more
than 30 degrees along the complete surface piece.

Furthermore, as is indicated in [6], the amplitude and phase func-
tions that define a current mode on the surface piece can be obtained
as a NURBS using an interpolation from the values of the functions
in the sampling points. Considering the accuracy of the interpolation,
the phase function is the most critical case. The amplitude function is
interpolated using the same number of points and a procedure similar
to that used for the three parameters functions that define the Cartesian
coordinates. However, it is more complex for the phase function due
to a pair of reasons. The first reason is that the acceptable errors are
considerable lesser for the phase function than for the Cartesian coor-
dinates or the mode amplitude functions. For instance, an error of 0.1
per cent can be acceptable for the Cartesian coordinates or mode am-
plitude function, but not for the phase function if this last one varies in a
range of thousands of radians. The second reason is that it is not always
possible to use a direct procedure as the one indicated in [6], where the
phase function of the current mode is interpolated from the “unwrapped
phase,” because the unwrapped phase values are not always available.
The “unwrapped phase” is the phase value without subtracting an in-
teger number of times 2� radians to force the phase to be in the range
(��, +�) or, in other words, without any jump of 2� radians. One
can use the method indicated in [9] to be able to interpolate the phase
function. This method, summarized in Appendix A, uses the spatial
frequency vector. The components of the spatial frequency vector are
the spatial phase derivatives along the tangent vectors to the surface.

Therefore we are able to interpolate the functions that represent a
current mode from the values of its amplitude, phase and spatial fre-
quency vector. Now, we will discuss how to obtain those values from
the values of the u- and v-components of the total current density ~J

in the sampling points and in the neighborhood of that points. This is
equivalent to solve each components of ~J in terms of modes.

Using the expansion in terms of current modes, the �-component (�
represents u or v) of ~J can be expressed in the neighborhood of any
point ~r0 in the following form:

J���(~r0 +�~r) =




L=1

A���L(~ro)e
j!!! (~r )�u+j!!! (~r )�v (1)

where A���L is the amplitude of the Lth current mode and !!!���Lu and
!!!���Lv are the components of ~!!!���L, the wave vector of that current mode.

Fig. 2. “u-comb” around a point on the surface: (a) real space and (b) para-
metric space.

The objective here is to estimate the number of modes (
�), the
wave vectors (~!!!���L, L = 1; . . .
�) and the complex amplitudes A���L

that represent the �-component of the current ~J, at point ~r0. Once the
modes have been solved in the mesh of sampling points used for inter-
polating in a NURBS, (typically 5 � 5 or 7 � 7 sampling points), we
can obtain the components of the wave vector for a particular mode in
those sampling points and form a continuous function ~!!!���L(u;v) using
the interpolation procedure indicated in [6]. By repeating the procedure
for all the modes of the two components of the current we can obtain
the expansion of ~J in terms of current modes. It must be remarked that
we will usually have to deal with a reduced number of modes.

Fig. 2(a) shows the u and v-isoparametric lines which cross the point
~r0 in a surface. Fig. 2(b) presents the image of that lines in the para-
metric space defined by u and v. It can be noticed that in the real space
the isoparametric lines may be nonorthogonal, as in the example of the
figure. Of course, in the parametric space both lines are perfectly or-
thogonal. In order to extract the u-component of the wave-vector and
the amplitude of the current modes (i.e.,!!!���Lu andA���L l = 1; . . .
�;
� = u or v), an array of points close to ~r0 along the u-isoparametric
line is selected. Usually, a number ranging from 6 to 16 sampling points
in the array is enough. In the example of Fig. 2 these points are indi-
cated by crosses. From now on, we will say that these points belong to
the so-called “u-comb” at~r0. In the same way, the “v-comb” is defined
in a neighborhood of~r0. Fig. 2(a) shows that the points constituting the
“u-comb” are not exactly on the tangent to the u-isoparametric line, but
they are at a negligible distance from that tangent because all of them
are all very close to ~r0.

It is assumed that the �-component of the current ~J is known for all
the points of the “u-comb.” Let~r1 be a generic point in the “u-comb,”
and let�u be the increment in the u-parametric co-ordinate from point
~r0. The �-component of ~J at ~r1 is given by

J���(~r1) =




L=1

A���L(~ro)e
j!!! (~r )�u

: (2)

The points of the “u-comb” can be conveniently chosen so that the
distance between two consecutive points is uniform. Therefore, it is
possible to expressJ��� for the ith point of the “u-comb” in the following
way:

J���(~ri) =




L=1

A���L(~ro)e
j!!! (~r )��(i�1)

: (3)

The working hypothesis of the method is that the valuesAAA�LLL and!!!�LuLuLu
of the �L-mode do not vary along the u-comb points. This hypothesis
requires that the electrical length of the u-comb be very small, gener-
ally smaller than the wavelength. The parameters defining the current
modes in (3), (i.e., the number of modes �
���- and their frequencies
and amplitudes- AAA���LLL and !!!���Luuu LLL = 1; . . .
�), could be obtained
using Fourier spectral estimation, like in [2]. However, if we use a small
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Fig. 3. Geometry of the first case considered to test the approach.

length for the u-comb in order to satisfy the mentioned working hy-
pothesis, the Fourier estimation gives very poor resolution, and if the
length of the comb is made larger the hypothesis fails and errors in the
estimation can appear. In order to obtain good resolution for the spa-
tial frequency and amplitude of the modes, high resolution methods for
spectral estimation [10] should be considered. These methods provide
much higher resolution than Fourier-based methods when the length of
the “u-and v-combs” is quite limited. From the so-called “super resolu-
tion methods,” the matrix pencil (MP) method, [11] (see Appendix B),
has been chosen, because it is numerically very efficient and it works
well with noiseless coherent signals, as in the case of finding the ex-
ponential parameters of expression (3). In particular, we have used MP
considering the consecutive sampling points of the “u-and v-combs”
separated about 0.05 to 0.1 wavelength. The total number of sampling
points in each comb, typically a number between 6 and 16, is chosen to
be a bit greater than twice the number of expected modes. This size of
the combs is a trade off between the need that the working hypothesis
be satisfied and the minimum size required by the MP. It should be no-
ticed that MP requires uniformly separated sampling points but works
with coherently related signals, as in the case of the estimation of the
current modes parameters. Other spectral estimation methods, like for
instance MUSIC, [10], can work with nonuniform sampling points, but
are not applicable for coherent related modes.

The v-component of the spatial frequency vector, !!!���LvLvLv , of the
�L-mode, can be obtained considering the v-comb at point ~r0, see
Fig. 3. The expansion of the �-component of the current around ~r0 is,
now, given by

J���(~ri) =




L=1

A���L(~ro)e
j!!! (~r )��(i�1)

: (4)

By applying the MP method to (4) we obtain again, in addition to
the frequencies !!!���LvLvLv , the number of modes 
���, and the amplitudes
AAA���LLL. The spatial frequency components associated to the same ampli-
tude AAA���LLL in the expansion of the �-component of the current along
the u and v- combs are paired to obtain the two components of the spa-
tial frequency vector ~!!!���L at point ~r0. By interpolating the values of
the spatial frequency vector ~!!!���L from its values in the mesh of sam-
pling points using the method shown in [6], we can obtain the values of
the vector function ~!!!���L(u;v) for all the points of the surface we are
studying.

III. RESULTS

The first example to show the performances of the proposed method
is a case with a perfect electric conducting square plate of side 1 meter,
see Fig. 3. The surface plate is described by only one NURBS. The
origin of the coordinate system is located at the center of the plate with
the z-axis perpendicular to the plate. The parameter coordinates chosen
are such that the u and v-parametric coordinates coincide with the x
and y-axis, respectively. Two vertical electric dipoles located at points

Fig. 4. Predicted values of theu-component of the wave vectors for both modes
of the u-component of the current compared with the analytical solution.

Fig. 5. Predicted values of the v-component of the wave vectors for both modes
of the u-component of the current compared with the analytical solution.

(5.,5.,0.) and (2.,0.,0.), referred to Source # 1 and Source #2 , respec-
tively, radiate to the plate. The working frequency is 10 GHz. It has
been assumed that the total current induced in the plate is the PO cur-
rent due to both sources. Obviously, the total PO current due to both
dipoles is formed by only four modes, that is two current modes for
each current component, u or v. On the other hand each source origi-
nates a current mode in the u- or v-component. Although it is a very
simple case, it should be noted that the amplitudes and the wave vector
components change along the plate surface and therefore it is a full
problem of solving and interpolating the current modes from a very
small number of samples.

In order to detect the current modes, the so-called “u-comb” and
“v-comb” have been defined using 8 points, spaced 0:1�. A mesh of 7
� 7 pairs of u-combs and v-combs have been used on an array of 7 �
7 interpolating points. From the values of the current modes in these
points and using NURBS themselves for the interpolation, the ampli-
tude functions JuLuLuL(uuu; vvv) and JvLvLvL(uuu; vvv) and the wave-vector compo-
nents !!!���LuLuLu(uuu; vvv) and !!!���LvLvLv(uuu; vvv) can be obtained over the complete
plate.

Figs. 4 and 5 show the cut along the isoparametric lineu = 0 (y-axis)
of the components !!!uLuuLuuLu(uuu; vvv) and !!!uLvuLvuLv(uuu; vvv) of the wave vectors of
the two modes, obtained analytically and with the present approach.
As expected, the two modes are detected. An excellent agreement be-
tween the numerical and analytical values is shown for both functions
!!!uLuuLuuLu(uuu; vvv) and !!!uLvuLvuLv(uuu; vvv).
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Fig. 6. Test case with two curve surfaces. Each surface is a piece of cylinder
with a radius of 5 m. The axis of the cylinder that defines surface 1(2) is parallel
to the y-axis (z-axis). The Cartesian co-ordinates of all the vertices are indicated
in meters.

Fig. 7. Amplitude of the x-component of the current mode in surface 2 of
Fig. 6.

The second case considered is the problem with two curve surfaces
whose geometry is indicated in Fig. 6. An incident �-polarized plane
wave is considered in the direction � = 180

�, � = 45
�. The frequency

is 500 MHz. The surfaces sides have a length of 4 m (6.66 wavelengths
at the working frequency). In order to analyze the behavior of the cur-
rent modes approach when the field source is not a point-source we
have considered the induced current in surface 2 of Fig. 6 by the PO
current of surface 1 due to the incident wave. The current in surface 2 of
this second reflection is computed considering, again, the PO approach.
Only a current mode per component is obtained using the MP method
to extract the current modes of the current in surface 2 due to double
reflection. Figs. 7–9 show the amplitude of the Cartesian components
of the current due to these modes. A mesh of 7� 7 sampling points has
been considered to represent these current modes in the NURBS that
defines surface 2. The MP has been applied in each one of those sam-
pling points considering arrays of 9 points to define the corresponding
u- and v-combs. The value of the L parameter in the MP application
has been 5 and the electrical length of both combs is 1.4 wavelengths.

In order to evaluate the accuracy of the current modes approach,
Fig. 10 shows the error between a pure numerical evaluation of the
PO integral and the current mode solution for the z-component of the
induced current in surface 2 of Fig. 6. To obtain the error a new mesh
of points on surface 2 is considered. The points of the new mesh are
located between the points of the mesh of (7 � 7) sampling points
considered to interpolate the current modes. The purely numerical PO
is calculated considering the magnetic field at the points of the new

Fig. 8. Amplitude of the y-component of induced current in surface 2 of Fig. 6.

Fig. 9. Amplitude of the z-component of induced current in surface 2 of Fig. 6.

mesh due to the PO current of the first reflection in surface 1. The values
of the current mode at those points are evaluated using the interpolation
technique shown in [6]. We can see that the error of the current mode
representation is very small, about 0.001 per cent.

The third case considered is the computation of the electric field that
a current mode creates over itself. This is probably the worst case for
the current modes approach, since now the computation of near field
values is required. The geometry is defined by the cylindrical sector
indicated in Fig. 11. It is assumed that the surface supports the current
mode that represents the PO current of a simple reflection due to an
incident �-polarized plane wave that arrives in the direction � = 0

�,
� = 0

�, with a frequency of 2.0 GHz. The electrical length of the
straight sides of the surface is about 13.333 wavelengths and a little
greater for the curve sides. The electric field originated by the PO cur-
rent due to the simple reflection is expanded in terms of modes (“elec-
trical field modes,” in this case). Three field modes have been detected
using the MP method for thex-polarization. A picture of the amplitudes
of two of these modes is shown in Figs. 12 and 13. As in case 2, a mesh
of 7 � 7 sampling points has been considered to represent the modes
and the MP has been applied with the same parameter values: arrays of
9 points to define the corresponding u- and v-combs,L parameter fixed
to 5 and the electrical lengths of both combs of 1.4 wavelengths. Fig. 14
presents the relative error between a purely numerical evaluation of the
electrical field, and the addition of the three field modes detected in a
mesh of points located between the mesh of (7 � 7) sampling points
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Fig. 10. Values of the relative error for the z-component of induced current in
surface 2 of Fig. 6.

Fig. 11. Test case geometry for the study of the modes in a “self-induced” field.
The surface is a 90 sector of a cylindrical surface with a radius of 1.0 m. The
cylinder axis is located in the x-axis. The Cartesian co-ordinates of the four
vertices are indicated in meters.

Fig. 12. Amplitude of the x-component of the field mode 1.

used for interpolating the current modes by the same procedure that in
case 2. Now again, we can see that the field modes represent with ac-
ceptable accuracy the electrical field even for the difficult computation
of the self-induced field.

IV. CONCLUSIONS

An approach has been developed to solve the current modes of a sur-
face current from its values at a small number of sampling points. The

Fig. 13. Amplitude of the x-component of the field mode 2.

Fig. 14. Amplitude of the error of the total x-component of the field.

approach can be very useful when the surface currents can be expressed
as a few current modes, because in this case they can be represented
using a small amount of data, much lesser than using an expansion of
the current in terms of subdomain functions. This feature of the cur-
rent appears many times in the surfaces of smooth curvature in high
frequency problems. The approach can be directly applied to the anal-
ysis of high frequency problems using a PO approach with multiple
bounces. As shown in [7], [9] and [12] the PO integrals of multiple
bounce problems can be computed very efficiently using quasi-ana-
lytical expressions when the current is expanded in terms of current
modes. The approach could be applied also to solve rigorously elec-
trically large problems using iterative methods provided that in many
surfaces of the problem the solution (the current) can be expressed in
terms of a few modes. In these cases the computations of the mutual
coupling between surface parts required in the iterative process can be
accelerated also using the approach shown in [7], [9] and [12].

APPENDIX A
CURRENT MODE INTERPOLATION

We assume that the amplitude Jo(u;v) and the spatial frequency
components !!!u(u;v) and !!!v(u; v) of a current mode are functions
that vary smoothly in the surface where the current mode is defined.
These functions can be obtained in the surface piece where the mode is
defined by interpolation from their values in the sampling points. This
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interpolation can be performed using different approaches, for instance
in terms of new NURBS as described in [6].

The phase function ���(u;v) of the mode will be obtained consid-
ering that the components of its gradient are the spatial frequencies of
the current mode

r�r�r� =
@�@�@�

@@@u
û+

@�@�@�

@@@v
v̂ = !!!uû+ !!!vv̂: (a.1)

After the interpolation the spatial frequency components !!!u(u;v)
and!!!v(u;v) are expressed in terms of polynomial expansions. There-
fore, analytical expressions for the phase can be obtained by integrating
the spatial frequency components. We will denote by ���u and ���v the
analytical expressions obtained by integrating the u and v frequency
components, respectively

���u(u;v) = !!!u(u;v)du (a.2.a)

���v(u;v) = !!!v(u;v)dv: (a.2.b)

Ideally, the analytical functions���u and���v should differ only in a con-
stant value along the surface points. An averaged phase function can be
obtained from

���m(u;v) = (���u(u;v) + ���v(u;v)) =2: (a.3)

Now, an accurate expression for a phase function, useful for a rectan-
gular subregion around the sampling point (uo;vo), is obtained using
the averaged phase function ���m

�o(u; v) = �m(u; v) + �(uo;vo)� �m(uo; vo) (a.4)

where �(uo;vo) is the value of the phase at the sampling point.
The size of the rectangles around the sampling points are chosen

in such a way that they form a tessellation that covers completely the
surface piece where the current mode is defined and each sampling
point corresponds with a rectangle center.

APPENDIX B
MATRIX PENCIL METHOD

Matrix Pencil (MP) Method estimates the frequencies from exponen-
tially damped or undamped sinusoidal data sequences. To introduce the
MP Method let us assume we have undamped sinusoidal sequences in
the following uniform sequence:

xi =

M

l=1

jhlje
(j! (i�1)+� ) (b.1)

where i = 0; 1; . . . N � 1.
In our case xi represents the Ju(u; v) or Jv(u; v) components of the

field at the i-sampling point of an u or v comb and wl(i � 1) corre-
sponds to (!lu(~ro)�u) or (!l (~ro)�v) in (1).

Sequence (b.1) may be rewritten as

xi =

M

l=1

hlz
(i�1)
l (b.2)

with

hl = jhlje
j� (b.3)

and

zl = e(j! ): (b.4)

MP Method estimates the M complex frequencies which appear in
(b.2). To do that the sequence is arranged in the following way in order
to define two matrices G1 and G2:

[G1](N�L)xL =

x1 x2 . . . xL
x2 x3 . . . xL+1
...

...
...

xN�L xN�L+1 . . . xN�1

(b.5)

[G2](N�L)xL =

x2 x3 . . . xL+1
x3 x4 . . . xL+2
...

...
...

xN�L+1 xN�L+2 . . . xN

: (b.6)

The parameter L (pencil parameter) should be such that M � L �
N . In our calculations, L is assumed to be 2/3N.

Once the matrices G1 and G2 have been defined, the generalized
eigenvalues of the following problem are calculated:

(G2 � �G1)p = 0 (b.7)

If M � L � N , this generalized eigenvalue problem gives rise to
M main eigenvalues and (M � N ) minor eigenvalues, roughly null.
Therefore, the number of principal eigenvalues of (b.7) coincides with
the number M of frequencies, wl, to determine. The frequencies wl

are obtained from �i = zi where i = 1; � � � ;M
It is easy to identify the numberM of exponential terms in (b.1). This

is due to the fact that (b.7) gives rise to N eigenvalues, from which, M
of them have a significant value (that is why these eigenvalues are called
principal eigenvalues) and the rest of eigenvalues, M �N , are roughly
zero (these eigenvalues are called ninor eigenvalues). The gap between
the last principal eigenvalue and the largest ninor eigenvalue depends
on the signal to noise ratio (SNR) of the data. This gap is very large for
high value of the SNR. In our case the data in (b.1) are the field values
in the sampling points u or v combs, that are noiseless data, (except for
the negligible noise introduced by the truncation error due to the finite
number of bits used to represent numbers), so we have an extremely
large SNR and therefore it is easy to identify the principal eigenvalues
from the cutoff defined by the gap between eingenvalues.

Once that the exponential terms in (b.1) have been determined and
taking into account (b.2), (b.3) and (b.4) the following equations system
can be formulated:

x1
x2
...
xN

=

z01 z02 � � � z0M

z11 z12 � � � z1M
. . .

z
(N�1)
1 z

(N�1)
2 � � � z

(N�1)
M

h1
h2
...

hM

: (b.8)

That can be expressed more compactly as

X = ZH (b.9)

with

X =

x1
x2
...
xN

; Z =

z01 z02 � � � z0M

z11 z12 � � � z1M
. . .

z
(N�1)
1 z

(N�1)
2 � � � z

(N�1)
M

H =

h1
h2
...

hM

: (b.10)
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To determine the amplitudes hl of the exponential terms in (b.1),
(the modes in our electromagnetic problem) (b.9) is multiplied by the
pseudo inverse matrix of Z (referred as ZT ).

Z
T
X = H (b.11)
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Radar Cross-Section Measurements of a Full-Scale Aircraft
Duct/Engine Structure

S. K. Wong, E. Riseborough, G. Duff, and K. K. Chan

Abstract—Cavity radar cross-section (RCS) data are measured from a
full-sized generic aircraft duct/engine mock-up experimental apparatus.
Details of the experimental measurements and characterization of the RCS
from a generic aircraft engine inlet with a fan assembly embedded inside
are described. The experimental results reveal that the azimuthal RCS pat-
terns from an aircraft engine inlet with fan components embedded inside
are very complex.

Index Terms—Cavity radar cross-section, jet-engine inlets, radar cross-
section measurements, radar cross-section prediction codes.

I. INTRODUCTION

A recent research effort in noncooperative target recognition within
the Combat ID community involves the development of a synthetic
target signature database for target classifiers. For various technical
reasons, a synthetically generated database is regarded as the most
practical way of fielding an operational target classifier system [1].
Synthetic target signatures are computed using high-frequency electro-
magnetic radar cross-section (RCS) prediction codes. There has been a
great deal of research activities in recent years focusing on cavity RCS
modelling of aircraft duct/engine interface. It is known that the inlets
of aircraft can produce a significant contribution to the overall RCS of
an aircraft. Therefore, cavity RCS computation should be an integral
part of the synthetic signature modelling process of aircraft.

In order for any numerical modelling results to be deemed as cred-
ible and reliable, they must be validated by experimental data. Although
there are many in-depth cavity RCS modelling efforts being conducted
in the cavity RCS community [2], [3], there is still a lack of readily
available experimental data to validate the numerical analyses. Mea-
sured data are scarce in the open literature. A few scale-model and
small-sized cavity measurements can be found, for example, Crabtree
et al. [4] on a straight cylinder with straight blades [0.3 m (diameter) by
0.3 m (length)], Baldensperger et al. [5] on an s-bend “Cobra” cavity
[0.09 m by 0.11 m (cross section) by 0.35 m (length)], and Odendaal et
al. [6] on a small unmanned aerial vehicle engine inlet system [0.12 m
by 0.36 m (cross section) by 1.0 m (length)]. However, subscale inlet
model data have been found to be unreliable as a predictor of full-scale
results [7]. For practical aircraft inlet RCS modelling, full-scale exper-
imental data are therefore desirable and pertinent. But there is virtually
no experimental data of a full-size duct/engine model available in the
open literature. To overcome the shortage of measured data, we have
designed and built a generic full-size aircraft duct/engine mock-up for
collecting cavity RCS data. The measured data will add to a limited
collection of inlet RCS database available in the open literature. This
will allow researchers who are working on developing numerical RCS
models to have access to some much-needed additional data to vali-
date their works. This communication provides a detailed description of
the full-sized duct/engine RCS measurements. A brief summary on the
present state of the cavity RCS modelling development is also given.
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