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El cartel del X Jaen Conference on Approximation Theory
es una imagen del patio central del Hospital de Santiago de
Úbeda, sede los primeros encuentros de aproximación de la
Universidad de Jaén. El dibujo es una buena aproximación
de la imagen real y se ha obtenido a través de un mosaico
construido con cientos de fotografías de todos los encuen-
tros realizados desde el año 2000. Con ello se ha intentado
expresar la idea de que dada una imagen, con un gran sig-
ni�cado para gran parte de los asistentes al encuentro, es
posible construir otra, lo más aproximada posible a la an-
terior, utilizando para ello todos los recuerdos generados
durante los últimos veinte años. De alguna manera, en el
cartel de este año están presentes todos aquellos profesores
y acompañantes que han participado en los eventos de los
años anteriores.

The poster of the X Jaen Conference on Approximation
Theory represents the central courtyard of the Hospital de
Santiago in Úbeda, where the University of Jaén held the
�rst meetings on the Approximation Theory. This design,
which constitutes a good approximation to the real image,
has been obtained through a mosaic built with hundreds of
photographs of all meetings organised since 2000. Thus, from
an image full of meaning for the participants in these meet-
ings, it has been possible to create a very similar one which
gathers memories of the last twenty years. This way, all
professors and accompanying people who participated in the
past editions of the conference are present in this poster.
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X Jaen Conference on Approximation Theory v

ntroductionI

This is the tenth edition of the Jaen Conference on Approximation Theory, an activity
within the Jaen Approximation Project. This project organized ten editions of the so-called
Ubeda Meeting for ten consecutive years, from 2000 to 2009, and nowadays issues the Jaen
Journal on Approximation. This periodical, launched in 2009, was recently invited to be
indexed in Emerging Sources Citation Index, Thomson Reuters.

The Conference is devoted to some signi�cant aspects on Approximation Theory, Com-
puter Aided Geometric Design, Numerical Methods and the Applications of these �elds in
other areas. The main objective is to provide a useful and nice forum for researchers in
the subjects to meet and discuss. In this sense, the conference program has been designed
to keep joined the group during four days taking special care of both scienti�c and social
activities.

The Conference features three invited speakers who will give plenary lectures: Elena
E. Berdysheva, Andriy Prymak and A. Sri Ranga. Short talks and a poster session are
scheduled as well.

Finally, but also important, the Conference provides to participants the possibility to
visit World Heritage Sites and taste a wide culinary variety. We will do all the best for
accompanying people to enjoy the Conference. We are grateful to all those who have made
this project a reality; the University of Jaén (Departamento de Matemáticas), Diputación
Provincial de Jaén, Ayuntamiento de Úbeda, Ayuntamiento de Quesada, Ayuntamiento de
Alcalá la Real, UNIA (Sede de Baeza) and Centro Asociado de la UNED de la provincia de
Jaén.

Here we emphasize our commitment to keep on working to improve our university and
our province.

The Organizing Committee
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Metric approximation of set-valued functions of

bounded variation

Elena E. Berdysheva, Nira Dyn, Elza Farkhi and Alona Mokhov

Abstract

We study approximation of set-valued functions (SVFs) � functions mapping a real
interval to compact sets in Rd. In addition to the theoretical interest in this subject, it is
relevant to various applications in �elds where SVFs are used, such as economy, optimization,
dynamical systems, geometric modeling.

The earlier works in this area are mainly concerned with approximation of set-valued
functions with convex images, for which the tools of Minkowski linear combinations of sets
and the Aumann integral [1] of set-valued functions are e�ective. Yet these techniques
posses the property of convexi�cation: the resulting approximation is always a function with
convex images, even if the function to be approximated is not. For example, R.A. Vitale [4]
studied an adaptation of the classical Bernstein polynomial operator based on Minkowski
linear combinations; the limit SVF in this approach consists of convex hulls of the values of
the original function. Clearly, such methods are useless for the approximation of SFVs with
general, not necessarily convex images.

N. Dyn, E. Farkhi and A. Mokhov developed a new approach that is free of convexi-
�cation � the so-called metric linear combinations and the metric integral, see [3]. They
introduced and studied adaptations of classical approximation operators based on these tools
for continuous SFVs.

The next step is to study SFVs that are not necessarily continuous. In our joint work
we consider SVFs of bounded variation in the Hausdor� metric and adopt di�erent types of
classical approximation operators to this setting. Some of the results can be found in [2].

Keywords: set-valued functions, metric linear combinations, metric integral, Bernstein
operator.

AMS Classi�cation: 26E25, 28B20, 41A35, 41A36.

Bibliography

[1] R. J. Aumann, Integrals of set-valued functions, J. Math. Anal. Appl. 12 (1965)
1�12.
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valued functions of bounded variation, J. Comput. Appl. Math. 349 (2019) 251�264.

[3] N. Dyn, E. Farkhi, A. Mokhov, The metric integral of set-valued functions, Set-
Valued Var. Anal. 26 (2018) 867�885.

[4] R. A. Vitale, Approximations of convex set-valued functions, J. Approx. Theory 26
(1979) 301�316.
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Polynomial approximation on C2 domains∗

Feng Dai and Andriy Prymak

Abstract

We introduce appropriate computable moduli of smoothness to characterize the rate
of best approximation by multivariate polynomials on a connected and compact C2-domain
Ω ⊂ Rd. This new modulus of smoothness is de�ned via �nite di�erences along the directions
of coordinate axes, and along a number of tangential directions from the boundary. With
this modulus, we prove both the direct Jackson inequality and the corresponding inverse for
best polynomial approximation in Lp(Ω). The Jackson inequality is established for the full
range of 0 < p ≤ ∞, while its proof relies on (i) Whitney type estimates with constants
depending only on certain parameters; and (ii) highly localized polynomial partitions of unity
on a C2-domain. Both (i) and (ii) are of independent interest. In particular, our Whitney
type estimate (i) is established for directional moduli of smoothness rather than the ordinary
moduli of smoothness, and is applicable to functions on a very wide class of domains (not
necessarily convex). It generalizes an earlier result of Dekel and Leviatan on Whitney type
estimates on convex domains. The inverse inequality is established for 1 ≤ p ≤ ∞, and its
proof relies on a new Bernstein type inequality associated with the tangential derivatives
on the boundary of Ω. Such an inequality also allows us to establish the Marcinkiewicz-
Zygmund type inequalities, positive cubature formula, as well as the inverse theorem for
Ivanov's averaged moduli of smoothness on general compact C2-domains.

Keywords: C2-domains, polynomial approximation, modulus of smoothness, Jackson
inequality, inverse theorem, tangential Bernstein inequality, Marcinkiewicz-Zygmund in-
equality, positive cubature formula.

AMS Classi�cation: 54C40, 14E20, 46E25, 20C20.

Feng Dai,
Department of Mathematical and Statistical Sciences,
University of Alberta, Edmonton, AB, T6G 2G1, Canada.
fdai@ualberta.ca

∗The �rst author was supported by NSERC of Canada grant RGPIN 04702-15, and the second author
was supported by NSERC of Canada grant RGPIN 04863-15.
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Winnipeg, MB, R3T2N2, Canada.
prymak@gmail.com
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A class of orthogonal polynomials on the unit circle and

related special functions

A. Sri Ranga

Abstract

The class of orthogonal polynomials Φn(b; .) that we consider are those with respect to
the probability measures

dµ(b)(eiθ) =
4<(b)|Γ(b+ 1)|2

Γ(b+ b̄+ 1)

1

2π
[eπ−θ]=(b) [sin2(θ/2)]<(b)dθ,

on the unit circle, where b = λ + iη and λ > −1/2. We will give information about a se-
quence {Rn(b.)}n≥0 of para-orthogonal polynomials and the associated sequence of polynomi-
als {Pn(b; .)}n≥0 which satisfy a RII type recurrence relation. All three sets of polynomials
Φn(b; .), Rn(b.) and Pn(b; .) can be expressed as hypergeometric polynomials. Generating
functions for all these sets of polynomials are also considered, which in the case of Pn(b; .),
lead to a subfamily of Whittaker functions. This subfamily of Whittaker functions also in-
clude Coulomb wave functions and Bessel functions. Finally, properties of associated Sobolev
orthogonal polynomials, based on a concept which we have called coherent pair of measures
of the second kind on the unit circle, are also looked at. Some sequences of polynomials that
arise in this study are found to be related to continuous dual Hahn polynomials.

Bibliography

[1] M.E.H. Ismail, A. Sri Ranga, RII type recurrence, generalized eigenvalue problem
and orthogonal polynomials on the unit circle, Linear Algebra Appl. 562 (2019), 63-90.

[2] F. Marcellán, A. Sri Ranga, Sobolev orthogonal polynomials on the unit circle and
coherent pairs of measures of the second kind, Results Math. 71 (2017), 1127-1149.

[3] A. Martínez-Finkelshtein, L.L. Silva Ribeiro, A. Sri Ranga and M. Tyaglov,
Complementary Romanovski-Routh polynomials: From orthogonal polynomials on the
unit circle to Coulomb wave functions, Proc. Amer. Math. Soc. 147 (2019), 2625-
2640.
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Bernstein-Durrmeyer type operators on hypercubes

Mirella Cappelletti Montano

Abstract

This talk is based on joint works with F. Altomare (cf. [1]) and V. Leonessa (cf. [1, 5])
and will focus on Bernstein-Durrmeyer type operators acting on spaces of continuous and
integrable functions de�ned on the d-dimensional hypercube Qd of Rd, d ≥ 1.

We investigate (cf. [1]) a class of operators that generalize the Bernstein-Durrmeyer
operators with Jacobi weights on [0, 1] (cf. [4, 6]). This class appears to be strictly con-
nected with the study of certain degenerate second-order elliptic di�erential operators, often
referred to as Fleming-Viot operators. By making mainly use of techniques arising from
approximation theory, in fact, it is possible to show that the Fleming-Viot operators (pre)-
generate positive semigroups both in the space of all continuous functions and in weighted
Lp-spaces. In addition, those semigroups are approximated by iterates of the above men-
tioned Bernstein-Durrmeyer type operators. As a consequence, some regularity properties
and the asymptotic behaviour of the semigroups can be inferred.

Inspired by [2, 3], we also present (cf. [5]) a further generalization of the operators in [1],
by constructing Bernstein-Durrmeyer type operators de�ned by means of an arbitrary Borel
measure µ on Qd. Some approximation properties of this class of operators, both in the
space of all continuous functions and in Lp-spaces with respect to µ, are discussed, together
with an asymptotic formula.

Keywords: Bernstein-Durrmeyer operators, Jacobi weights, asymptotic formula, Fle-
ming-Viot operator, Markov semigroup, approximation of semigroups.

AMS Classi�cation: 47D06, 47F05, 41A36, 41A63.
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Anal. 18(1) (2019), 323�340.

[2] E.E. Berdysheva, Uniform convergence of Bernstein-Durrmeyer operators with respect
to arbitrary measure, J. Math. Anal. Appl. 394 (2012), 324�336.
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Boston, 1991, 25�46.
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Integral norm discretization and related problems

Feng Dai

Abstract

In this talk, I will present a recent joint work with Prymak, Temlyakov and Tikhonov
on the problem of replacing an integral norm with respect to a given probability measure
by the corresponding integral norm with respect to a discrete measure for elements of �nite
dimensional spaces. I will also discuss discretization of the uniform norm of functions from
a given �nite dimensional subspace of continuous functions, with special focus on the case
of the multivariate trigonometric polynomials with frequencies from a �nite set with �xed
cardinality.

Feng Dai,
Department of Mathematical & Statistical Sciences,
University of Alberta,
T6G2G1-Edmonton, Canada.
dfeng2009@gmail.com
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Nonlinear n-term approximation on the sphere from

shifts of the Newtonian kernel∗

Kamen G. Ivanov and Pencho Petrushev

Abstract

The fundamental solution of the Laplace equation (Newtonian kernel) 1
|x|d−2 in dimension

d > 2 or ln 1
|x| if d = 2 is a basic building block in Potential theory. The main goal of this

lecture is to study the rates of nonlinear n-term approximation of Hp, 0 < p <∞, and BMO
functions on the unit sphere Sd−1 from shifts of the Newtonian kernel with poles outside the
unit ball Bd ⊂ Rd. We prove the following Jackson-type estimates.

Theorem 1. Let 0 < p < ∞, s > 0, 1/τ = s/(d − 1) + 1/p. If f ∈ Bsττ (Sd−1), then
f ∈ Hp(Sd−1) and for n ≥ 1

En(f)Hp ≤ cn−s/(d−1)‖f‖Bsττ ,

where the constant c > 0 depends only on p, s, d.

Theorem 2. Let s > 0, 1/τ = s/(d − 1). If f ∈ Bsττ (Sd−1), then f ∈ BMO(Sd−1) and for
n ≥ 1

En(f)BMO ≤ cn−s/(d−1)‖f‖Bsττ ,

where the constant c > 0 depends only on s, d.

Here Hp(Sd−1), 0 < p < ∞, denotes the Hardy space on Sd−1 (Hp = Lp for 1 < p < ∞),
BMO(Sd−1) denotes the Bounded mean oscillation space on Sd−1 and Bsqp (Sd−1) stands for
the Besov space with parameters s, q, p on the sphere. En(f)B denotes the best nonlinear
n-term approximation of f from shifts of the Newtonian kernel in the norm of the Banach
space B.

The rates of approximation in Theorems 1 and 2 are optimal in terms of the Besov spaces.
The main vehicle in establishing these results is the construction of highly localized frames

∗The �rst author has been supported by Grant DN 02/14 of the Fund for Scienti�c Research of the
Bulgarian Ministry of Education and Science. The second author has been supported by NSF Grant DMS-
1714369.
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for Besov and Triebel-Lizorkin spaces on the sphere whose elements are linear combinations
of a �xed number of shifts of the Newtonian kernel.

The above results naturally extends to approximation of harmonic functions in Bd. Ac-
cording to Theorem 2 BMO is a natural replacement for L∞ in best approximation relations.

Keywords: nonlinear approximation, harmonic functions, Newtonian kernel, Hardy
spaces, Besov spaces, frame decomposition.

AMS Classi�cation: 41A17, 41A25, 42C15, 42C40, 42B35, 42B30.

Kamen G. Ivanov,
Institute of Mathematics and Informatics,
Bulgarian Academy of Sciences, So�a, Bulgaria.
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A generalization of Kantorovich operators for convex

compact sets and applications

Vita Leonessa

Abstract

Let K be a convex compact subset of some locally convex Hausdor� space X. Starting
from a Markov operator T : C(K)→ C(K), a real number a ≥ 0, and a sequence (µn)n≥1 of
probability Borel measures on K, we shall construct a sequence of positive linear operators
(Cn)n≥1 acting on certain function spaces on K.

The class of such operators contains some well-known operators as the Kantorovich ones
on the unit interval, on the multidimensional hypercube or on the simplex or Rd, together
with several of their wide-ranging generalizations scattered in the literature.

We are interested on approximation as well as shape preserving properties of the operators
Cn. Moreover, we also show that the operators Cn can be used for approximating the
solutions to certain initial-boundary value di�erential problems.

Even if X can be also in�nite dimensional, for the sake of simplicity in this talk we limit
ourselves to the case K ⊂ Rd, (d ≥ 1).

The talk is based on some joint works with Francesco Altomare, Mirella Cappelletti
Montano, and Ioan Ra³a (see [1, 2, 3]).

Keywords: positive operators, shape preserving approximation, asymptotic formula,
approximation of semigroups.

AMS Classi�cation: 41A36, 47B65, 47D07.
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On coherent pairs of polynomial systems in two

variables∗

Francisco Marcellán, Misael E. Marriaga, Teresa E. Pérez

and Miguel A. Piñar

Abstract

Coherent pairs of measures were introduced in 1991 and constitute a very useful tool
in the study of Sobolev orthogonal polynomials on the real line. In this work, coherence
and partial coherence in two variables appear as the natural extension of the univariate case.
Given two families of bivariate orthogonal polynomials expressed as polynomial systems, they
are a partial coherent pair if there exists a polynomials of the second family can be given as a
linear combination of the �rst partial derivatives of (at most) three consecutive polynomials
of the �rst family. A full coherent pair is a pair of families of bivariate orthogonal polynomials
related by means of partial coherent relations in each variable. Consequences of this kind of
relations concerning both families of bivariate orthogonal polynomials are studied.

Keywords: bivariate orthogonal polynomials, classical and semiclassical orthogonal
polynomials, coherent pairs.
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Hermite and Hermite�Fejér interpolation at Pollaczek

zeros

G. Mastroianni and I. Notarangelo

Abstract

The Lagrange interpolation based on Pollaczek zeros has been considered in [1] (see also
[2]). In this talk we study the uniform and Lp− convergence of the Hermite and Hermite�
Fejér interpolation. Error estimates will be shown.

Keywords: Hermite interpolation, Hermite�Fejér interpolation, weighted polynomial
approximation, orthogonal polynomials w.r.t. exponential weights, Pollaczek zeros.

AMS Classi�cation: 41A05, 41A10.
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Fejér sums and Chebyshev polynomials∗

Jorge Bustamante, Juan Jesús Merino and José María Quesada

Abstract

Let Lpw[−1, 1] be the weighted Lebesgue space on [−1, 1] with w(t) = (1 − t2)−1/2. We
prove that the rate of convergence in Lpw[−1, 1] of the Féjer sums is equivalent to a fractional
modulus of smoothness of order 1/2.

Keywords: polynomial approximation, Chebyshev polynomials, Fejér operator, direct
results, strong converse results, fractional modulus of smoothness.

AMS Classi�cation: 41A28, 41A40, 41A60.
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Beyond super-resolution

Hrushikesh Mhaskar

Abstract

The problem of super-resolution in general terms is to recuperate a �nitely supported
measure µ given �nitely many of its coe�cients µ̂(k) with respect to some orthonormal
system. The interesting case concerns situations, where the number of coe�cients required
is substantially smaller than a power of the reciprocal of the minimal separation among the
points in the support of µ.

In this paper, we consider the more severe problem of recuperating µ approximately
without any assumption on µ beyond having a �nite total variation. In particular, µ may be
supported on a continuum, so that the minimal separation among the points in the support
of µ is 0. A variant of this problem is also of interest in machine learning as well as the
inverse problem of de-convolution.

We de�ne an appropriate notion of a distance between the target measure and its re-
cuperated version, give an explicit expression for the recuperation operator, and estimate
the distance between µ and its approximation. We show that these estimates are the best
possible in many di�erent ways. We also explain why for a �nitely supported measure the
approximation quality of its recuperation is bounded from below if the amount of information
is smaller than what is demanded in the super-resolution problem.

Keywords: super-resolution, machine learning, de-convolution, data de�ned spaces,
widths.

AMS Classi�cation: 41A30, 28A33.
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Weighted approximation on the ball∗

Miguel Piñar

Abstract

In this talk we explore the best approximation on the ball by means of orthogonal polyno-
mials associated with weight functions that are invariant under re�ection groups. A theory
of orthogonal polynomials in this context can be developed in analogy to that for the orthog-
onal polynomials associated to standard spherical harmonics. Here, the standard �rst order
partial di�erential operators are replaced by a family of commuting �rst order di�erence-
di�erential operators: the so called Dunkl operators.

Keywords: best approximation, orthogonal polynomials, unit ball.
AMS Classi�cation: 33C50, 42C10.
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Riemann zeta function and the generalized Bernoulli

polynomials of level m∗

Yamilet Quintana and Héctor Torres-Guzmán

Abstract

In this work we show some relations between the Riemann zeta function and the general-
ized Bernoulli polynomials of levelm. Our approach is based on the use of Fourier expansions
for the periodic generalized Bernoulli functions of level m, as well as quadrature formulae of
Euler-Maclaurin type. Some illustrative examples involving such relations are also given.

Keywords: Bernoulli polynomials, generalized Bernoulli polynomials of level m, Euler-
Maclaurin quadrature formulae, quadrature formula, Riemann zeta function.

AMS Classi�cation: 65D32, 41A55, 65B15, 33F05.
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Jackson-Favard type problems for the weight exp(−|x|)
on the real line∗

József Szabados

Abstract

It is known that the Favard inequality on polynomial approximation with respect to the
weight exp(−|x|) fails to hold [7]. We show that this phenomenon holds for higher derivatives
as well, while a modi�ed version suggested by Lubinsky can be established.

Keywords: weight, modulus of smoothness, Jackson-Favard type estimate, polynomial
approximation.

AMS Classi�cation: 40A10, 41A17.
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Hardy spaces with variable exponents and applications

in summability∗

Ferenc Weisz

Abstract

Let p(·) : Rn → (0,∞) be a variable exponent function satisfying the globally log-Hölder
condition. We introduce the variable Hardy spaces Hp(·)(R) and Hp(·)[0, 1) and give their
atomic decompositions. It is proved that the maximal operator of the Fejér means of the
Fourier transforms and Walsh-Fourier series is bounded on these spaces. This implies some
norm and almost everywhere convergence results for the Fejér-means, amongst others the
generalization of the well known Lebesgue's theorem.

Keywords: variable Hardy spaces, variable Hardy-Lorentz spaces, atomic decomposi-
tion, Fourier transforms, Fejér-summability, Walsh-Fourier series.

AMS Classi�cation: Primary 42B08; Secondary 42C10, 42A38, 42A24, 42B25.
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Multidimensional discrete PDE splines∗

M.D. Buhmann, J. Jódar and M.L. Rodríguez

Abstract

Radial basis function (RBF) methods have emerged as an important and e�ective tool for
the numerical solution of partial di�erential equations (PDE) in any number of dimensions
and for the approximation of an unknown multivariate function by interpolation at scattered
sites [2, 5], entering in a �eld traditionally tackled by �nite element methods (FEM) [4].

Also, PDE surfaces, which are surfaces whose behaviour is governed by PDE [1], have
been shown to possess many modelling advantages in a wide range of �elds. A combination
of conditions of interpolation and approximation can be used for the PDE method of surface
design: on one hand, the surface has to approximate a given data set, and on the other
hand, it has to be modelled by a partial di�erential equation. In addition, the surface has to
satisfy some boundary conditions that are included along with the equation as a boundary
value problem. Moreover, this 2-dimensional approximation problem may be generalized to
the d-dimensional case, for any positive integer d.

We present the recent results of our work [3] in which, by using RBF techniques, we study
the existence and the uniqueness of the solution of the generalized problem in a Lipschitz
domain and arbitrary dimension. We discretize the solution of the problem in terms of
RBF, we show the convergence of this solution to a function from which the data values are
obtained and we establish some estimations of the error.

Keywords: approximation, interpolation, radial basis functions, PDE.
AMS Classi�cation: 41A30, 41A63, 65N15.
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